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^ . Introduction 

O; 

0.1. Let k be an algebraically closed field of characteristic p > and let G be 

a (possibly disconnected) reductive algebraic group over k. Let W be the Weyl 

group of G°. (For an algebraic group H, H° denotes the identity component of 

H.) We view W as an indexing set for the orbits of G° acting diagonally on 

B x B where B is the variety of Borel subgroups of G°; we denote by O w the orbit 

corresponding to w G W. Note that W is naturally a Coxeter group; its length 

function is denoted by Z : W — > N. Let / be the set of simple reflections of W\ for 

any J C I let Wj be the subgroup of W generated by J. 

Now any A G G/G° defines a group automorphism e A '■ W — > W preserving 

(T) ! length, by the requirement that 

(B,B>) e O w ,g e A =* (gBg^.gB'g- 1 ) e O eMw) . 

The orbits of the VF-action w\ : w (->■ ty^~ 1 tt;eA(^i) on W are said to be the e^- 
,— i ■ conjugacy classes in W. Let W A be the set of eD-conjugacy classes in W. We say 

that C G W A is elliptic if for any J ^ / such that £d(J) = </ we have Cfl VFj = 0. 
Let W A be the set of elliptic e£>-conjugacy classes in W. For any C G W_ A let 
Cmin be the set of elements of C where the length function I : C — > N reaches 
its minimum value. Let c be a G°-conjugacy class of G. Let A be the connected 
component of G that contains c and let C G W\. For any w G C m i n we set 

<B c w = {(g,B)ecx B- (B, gBg- 1 ) G O w }. 

Note that G° acts on *B!^ by x : (g, B) \-± (xgx~ 1 : xBx~ 1 ). We write CJI»c if the 
following condition is satisfied: for some/any w G C m i n , Q3£, is a single G°-orbit 
for the action above (in particular it is nonempty). The equivalence of "some" 
and "any" follows from [L5, 1.15(a)]. 
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2 G. LUSZTIG 

0.2. For an algebraic group H we denote by Zu the centre of H; for h G H we 
denote by Zjj(h) the centralizer of h in H. An element g E G or its G°-conjugacy 
class is said to be distinguished if Zcig) /(ZqoDZg^)) is a unipotent group. The 
notion of distinguished element appeared in [BC] in the case where g is unipotent 
and G = G°. 

The following is the main result of this paper. 

Theorem 0.3. Assume that G° is almost simple and that \G/G°\ < 2. If G° is 
of exceptional type assume further that G = G° and that p is either or a good 
prime for G. Then for any distinguished G°-conjugacy class c in G contained in 
a connected component A of G, there exists C E W\ such that CJfrc. 

In the case where c is unipotent the theorem is known from [L3]. In particular 
the theorem holds when p = 2. Thus we may assume that p ^ 2. We may also 
assume that G/G° — > Aut(VF), A H- 6a is injective. It is enough to verify the 
theorem assuming that G° is simply connected (the theorem then automatically 
holds without that assumption). If G° is of type A and G = G° then c must be 
a regular unipotent class times a central element and we can take C to be the 
Coxeter class. The case where G = G° is of type B or C is treated in §1. The 
case where G° is of type D is treated also in §1. (In this case we may assume that 
\G/G°\ =2.) The case where G° is of type A and \G/G°\ = 2 is treated in §2. (In 
this case we may assume that c ^ G°.) The case where G is of exceptional type is 
treated in §3. 

We will show elsewhere that C in the theorem is unique (in the case where c is 
unipotent this is known from [LI]). 

0.4. The results of this paper have applications to the study of character sheaves. 
We will show elsewhere how they can be used to prove that an irreducible cuspidal 
local system on c (a distinguished G°-conjugacy class in a connected component 
A of G), extended by on A — c, is (up to shift) a character sheaf on A. In the 
case where A = G° this gives a new, constructive proof of a known result, but in 
the case where A ^ G°, it is a new result. 

1. ISOMETRIES 

1.0. In this section we assume that p^2. Let e G {1, —1}. Let V be a k-vector 
space of finite dimension n with a given nondegenerate bilinear form (, ) : V x V — >■ 
k such that (x, y) = e(y, x) for all x, y; we then say that (, ) is e-symmetric. Let 
Is(V) be the group of isometries of (, ). 

Assume that we are given g G Is(V). For any z G V and i G Z we set 
Zi = g l z G V. Similarly, for any line L in V and i G Z we set Li = g l L C V. For 
any z, z' in V and any i,j, k G Z we have 

(a) (z l+k ,z' J+k ) = (z l ,z' j ). 

Let a\ > a2 > . . • , bi > hi > . . . be two sequences in N such that 
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if % > 1, aj = cii + i then a,i+i = 0, 
if % > 1, 6j = bi+i then frj+i = 0, 
if ai > 0, then (-l) ai = -e, 
if 6, > 0, then (-l) bi = -e. 
It follows that a,i = for large z and bi = for large i. We assume that 

n= (a 1 + a 2 + ...) + (h + b 2 + ...)• 

Define « G {0, 1} by n - « G 2N. Note that if e = -1 we have « = 0. Define fe > 
by {« > 1; a^6i > 0} = [1, fe]. For z > 1 we set q = a\ + bi. We have c\ > c 2 > . . . . 
We define pi G N for i > 1 as follows. 

If e = — 1 we have c.j G 2N and we set p\ = q/2 for i > 1. 

If e = 1 and i G [1, fc] we again have Ci G 2N and we set pi = q/2. 

If e = 1 and i > k we have Q G 2N + 1 or q = and we define pi by requiring 
that for s — 1, 3, 5, . . . we have: 

(Pfc+^Pfc+s+i) = ((c k +s - l)/2, (cfc +s+ i + l)/2) if c k+s > 1, c fc+s+ i > 1; 

(Pfc+ s ,Pfc+ s +i) = ((c k +s - l)/2, 0) if Ck+s > 1, c fc+s+ i = 0; 

(Pfc+ s ,Pfc+ s +i) = (0, 0) if Ck+s = 0, c fc+s+ i = 0. 
We define a as follows. We have p\ > p 2 > ■ ■ ■ > p a where pi G N >0 for i G [1, a], 
Pi = if i > a. This defines a. If n = or n = 1 we have a = 0. We set p' t = pt 
if £ G [l,<r],p{ = 1/2 if « = l,t = a + 1. We have 

2(pi + P2 H + Per) + « = 2(pi + 7>2 H + Pv+k) = n 

Let C^ b be the set of all g G Is(V) such that g 2 : V — » F is unipotent and 
such that on the generalized 1-eigenspace of g, g has Jordan blocks of sizes given 
by the nonzero numbers in a\, a 2 , ■ ■ ■ and on the generalized (— l)-eigenspace of g, 
—g has Jordan blocks of sizes given by the nonzero numbers in b\, b 2 , . . . . 

For g G C^ bt let CY attbtt be the set consisting of all L 1 , L 2 , . . . , L a+K where 
L l {t G [1, a + k]) are lines in V (the upper scripts are not powers) such that for 
i,j G Z we have: 

{L%L\) = if \i-j\ < p t , (Lj,L*.) # if j - i = pt (t G [1,<7 + «]); 

(L-, Lp = if i - j G [-p r , 2p t - p r - 1] and l<t<r<a + K. 
Here L* = <7*lA We then have: 

(b) F = ® tG [i,a+ K ],ie[o,2p' t -i]Li- 
(See [L3, 1.3].) Let C^ K be the set of all (g, L 1 , L 2 , . . . , L CT+K ) such that g G C£ >6 , 
and(L\L 2 ,...,L^GC^. 

Now Is(V) acts on C^ b by 7 : (7 1— y (•yg^~ 1 ) and on C^ b by 

(c) 7 : (9, L\L\ . . . , L^) h- (7<77" 1 , 7(^), 7^), • • • , 7(^ +K ))- 

Let X' = Ilteii^+^i 1 ' - 1 }- H e = -1 let 1 = T. If e = 1 let X be the subgroup of 
X' consisting of all (u>t)te[i,a+n] such that u>t = uit+i for any t such that {t, t + 1} C 
[k + l,<r + K],t = k + 1 mod 2. Thus X is a finite elementary abelian 2-group. The 
folowing is the main result of this section. 
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Theorem 1.1. (a) C^ b is nonempty; 

(b) the action 1.0(c) of Is(V) on C^ b is transitive; 

(c) the isotropy group in Is(V) at any point of C^ b is canonically isomorphic 
to X. 

1.2. Let a G N, b G N,p G N >0 be such that a + b = 2p. We set -e = (-l) a = 
(-l) b . For e G N we define n e G Z by (1 - T) a (l + T) b = J] e6N n e T e . We have 
no = 0, ri2p-i = —eni for i G [0, 2p], n e — if e > 2p. We define x e G Z for e G N 
by xo = 1 and no^e + nix e _i + • • • + n e xo = for e > 1. 

1.3. In the setup of 1.2, let V be a k-vector space with basis {wf, z G [0, 2p — 1]}. 
Define g G GL(V) by 

£«;* = itfi + i if i e [0,2p-2], gw 2p -i=e ^ n^. 

*e[o,2 P -i] 

We have the identity (1 — g) a (l + g) b = : V — > V that is (setting r = 
Sie[o,2 P ] n ^ : V -> V ) we have t = 0. Indeed, ™ = Z)ig[o,2 P -i] n ^ + 
ri2 P gw2p-i = 0. Then for i G [0, 2p — 1] we have rwi = rg l wo = g l TWQ = 0. Thus 
r maps each element of a basis of V to 0; hence r = 0. Define a bilinear form (, ) 
on V by 

(wi,Wj) = if z,j G [0,2p- 1], |z-j'| <p, 

(tuj, Wj) = x s if i, j G [0, 2p - 1], j - i = p + s, s> 0, 

(wi,Wj) = ex s if i,j G [0, 2p - 1], z - j = p + s, s > 0. 
Clearly (x,y) = e(y,x) for all x,y and (,) is nondegenerate: the determinant of 
the matrix ((wi, Wj)) is ±1. We show that g is an isometry of (, ). It is enough to 
show that 

(gwi,gwj) = if \i - j\ < p, 

{gwi, gwj) = x s if j - i = p + s, s > 0, 

(gwi, gwj) = tx s if i - j = p + s, s > 0. 
This is obvious except if one or both i, j are 2p— 1. If z = 2p—l,p—l < j < 2p — l, 
we must check that 

(e ^ ni>Wi,,w j+1 ) = Q, 

i'E[0,2p-l] 

that is 

^ rii'Xj+i-i>-p = 

i'e[o,j+i- P ] 

which is true since j + 1 — p > 0. If i — 2p — 1, < j < p — 1, we must check that 

(e ^ m>Wi',Wj+i) = ex 2p -i-j- P 
i'e[o,2 P -i] 

that is, 

/ _, iBi'Xi'—j — i—p €Xp—\—j 

i'E[j + l+p,2p-l] 
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that is, 

6 y Tl2p—i'Xi'—j — i—p tXp—i—j 

i'e[j+i+ P ,2 P -i] 
that is, 

/ J ri2p-i'Xi>-j-i-p = 

i'e[j+l+p,2p] 

which is true since p — j — 1 > 0. 

If i = 2p — 1 , j = p — 1 , we must check that 

(e ^ n v w v ,Wp)-exQ 

i'S[0,2p-l] 

that is, no^o = £o which is obvious. The case where j — 2p — l,i < 2p — 1 is 
entirely similar. It remains to show (in the case where i = j = 2p — 1) that 

(e ^ rii'Wi',€ ^2 rii'Wi') = 0. 

i'e[o,2 P -i] i'e[o,2 P -i] 

If e = — 1 this is obvious since (x, x) — for any a;. Now assume that e = 1. We 
must show: 

2 ^ ^2 n u n u+p+if x if = 

i'e[o,p-i] ue[o,p-i-i'] 
that is, 

/ "w / i<>p—u — i'Xi' U. 

wS[0,p-l] i'€[0,p-l-it] 

We have X^i'efo p—ul n p-u-i'Xi> = if p > u hence it is enough to show that 

^ n u n x p - u = 
we[o,p-i] 



that is, 



We have 



/ Tl>uXp—u U. 

tS[0,p-l] 



/ T^uXp—u U 

u€[0,p] 

since p > 0. Hence it is enough to show that n p = 0. This follows from n p = —en p . 
(We use that e = 1.) 

Now g G GL(V) is regular in the sense of Steinberg and satisfies (g— l) a (g+l) b = 
on V. Hence V = V + © V~ where g acts on V + as a single unipotent Jordan 
block of size a and —g acts on V~ as a single unipotent Jordan block of size b. 
Note that if e = 1 we have det(g) = (— l) a = — 1. It follows that, if L is the line 
spanned by wq and a* = (a, 0, 0, . . . ), 6* = (6, 0, 0, ... ), then (g, L) e C^ b . In 
particular, C^ K ^ 0. 
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1.4. We now consider a variant of the situation in 1.3. In the setup of 1.2, let V, (, ) 
be as in 1.0. (Recall that — e = (— l) a = (— l) b .) Let g G Is(V). We assume that 
dim V — 2p and that on the generalized 1-eigenspace of g, g is a single unipotent 
Jordan block of size a or is 1 (if a = 0) and on the generalized (— l)-eigenspace 
of g, —g is a single unipotent Jordan block of size b or is 1 (if 6 = 0). Moreover 
we assume that we are given w G V such that (with notation of 1.0) we have for 
i,jeZ: 

(wi,Wj) = if \i- j\ <p; (wi,Wj) = 1 if j - i = p. 
We show: 

(a) The following equalities hold for any i,j in Z: 

(al) (w t , Wj) = if \i - j\ < p, 

(a2) (wt, Wj) = x s if j -i =p + s, s>0, 

(a3) (wi, Wj) = ex s ifi— j=p + s, s > 0. 
Note that (a3) follows from (a2). In (al),(a2) we can assume that i = 0. (We use 
1.0(a).) Since (wo,Wj) = e(wo,W-j) for any j we can also assume in (al) that 
j > so that j G [0,p — 1] and (al) holds. We prove (a2) with % = 0, j = p+ s 
by induction on s > 0. If s = the result is already known. Assume now that 
s > 1. Applying (1 - g) a (g + l) b = to w s - p we obtain E e6 [o,2 P ] n e w s - p+e = 0. 
Taking (w , ) we obtain Xleefo 2 P ] n e( w o, w s - p+e ) = 0. For e in the sum we have 
s —p + e > —p + 1; hence by (al) we can assume that we have s — p + e > p. Thus 
J2ee{o,2 P ];s- P +e>p n e( w Oi w s-p+e) = 0. By the induction hypothesis this implies 



E 



n e x s - 2p +e + {u>o, w s+p ) = 0. 

e€[0,2p-l] ;s-p+e>p 



It is then enough to show that 



E 



/l e X s — 2p-\-e "T <L s ^ 



e€[0,2p-l];s-p+e>p 



or that 



or that 



7 J n2p- e Xs-2p+e — 

e£[0,2p];s— p+e>p 

^2 n hXh' = 0. 

h>0,h'>0;h+h'=s 

But this holds by the definition of x e since s > 1. 
1.5. Let p > 0. For e > we set 

n e = (-l) e (2p + l)(2p)(2p - 1) . . . (2p+ 1 - e + lje!" 1 . 
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For e > 1 we set x e = 2(p + e)(2p + l)(2p + 2) . . . (2p + e - l)e! _1 . (Note that 
x\ = 2p + 2). We set xo = 1 if p > and xo = 2 if p = 0. If p > then for any 
w > 2 we have 

(a) Y^ n o x u-j = 0. 

je[o,u] 

(See [L3, line 4 of p. 134].) This shows by induction on e that x e G N for any 
e > 0. 

For uGZwe set f p {u) — if |u| < p and / p (w) = x e if |w| = p + e with e > 0. 
For ugZwe have 

(b) / p ( W )=2(2p)!" 1 J] (u 2 -k 2 ). 

ke[o, P -i] 

For example, /o(w) = 2. Also / p (p) = 1 if p > 1. 

Setting A p = J2 e>0 f p (p + e)T e = J2 e > x e T e (where T is an indeterminate) 
we have (1 - T) 2p+1 A p = 1+T hence 

(c) A P =(l-T)- 2 '- 1 (l + T). 

1.6. In the setup of 1.5 let E be a, k-vector with basis wq, u>i, . . . , wi v - We define 
a symmetric bilinear form (, ) : E x E — > k by (wi,Wj) = (—l) p f p (i — j) for 
z, j G [0, 2p]. We define g G GL(E) by 
^Wi = w i+1 if i G [0, 2p - 1], 



gw 2p = E 



riiiv-i 



je[0,2 P ] < h 3 w 3- 

We have (g—l) 2p+1 = hence g : .E 1 — > E is unipotent (with a single Jordan block). 
We show that g is an isometry of (, ). We can assume that p > 0. It is enough to 
show that (wi+i,gW2 P ) = (wi,W2 P ) for % G [0, 2p — 1] and (gw2 P ,gw2 P ) = 0. Thus 
we must show that 

(a) ^ rijX e — if i G [0,2p- 1], 

jE[0,2 P +l],e>0,|i+l-j|=e+ P 



(b) YJ UjUjiXe = 0. 

j,i'6[0,2 P ],e>0,|j-j'|=e+ P 

Now (a) for i is equivalent to (a) for 2p— 1— i (we use the substitution j \-> 2p+l— j); 
hence it is enough to prove (a) for i G [p, 2p — 1]. Now (a) for i = p reads 
x\ — (2p + V)xq — xq = that is xi = 2p + 2, which is true. For i G [p+ 1, 2p — 1], 
(a) reads Y.je[o,2 P +i},i+i-j=> P n J x i+i-J-p = ° tnat is (setting u - i+ 1 -p), 
Ejefo ul n j x u-j = 0. This follows from 1.5(a) since u > 2. This proves (a). 
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We prove (b). The left hand side of (b) equals 



/ 1/ <i iiy g 



I L n iAj g 



J2 n r J2 

j'e[0,2p] je[0,2p],e>0,\j-j'\=e+p 

Yl n jXe + Y n J' Yl n J Xe 

je[0,2p],e>0,\j\=e+p j'e[l,2p] je[0,2p],e>0,\j-j'\=e+p 

J2 n jXe + J2 U J' J2 

je[0,2p],e>0,\j\=e+p j'e[l,2p] je{0,2p+l],e>0,\j-j'\=e+p 

~ Y n i' Y n 2p+l%e- 

j'E[l,2p] e>0,\2p+l-j'\=e+p 

In the last expression the second sum over j is zero by (a) and the second sum 
over j' becomes (setting j = 2p + 1 — j') 

jE[l,2p] e>0,|j|=e+p 

Hence the left hand side of (b) equals 

/ j 7ljX e — / j Tlj / J %e = / J X e 

J6[0,2p],e>0,|j|=e+p je[l,2p] e>0,|j|=e+p e>0,|0|=e+p 

and this is zero since e + p > 0. Thus (b) holds. 

For any i G Z we set Wi = g l w$. This agrees with the earlier notation when 
i G [0,2p]. We show: 

(c) (wi,Wj) = (-l) p f p (i-j) if i,j G Z. 

If p = there is nothing to prove since g — 1; thus we can assume that p > 1. We 
will prove (c) assuming only the identities 

(dl) (w p - 1 ,w j ) = 0Xje[0,2p-2] 

(62) (w p - U W2p-i) = (-l) p . 
If \i — j\ < p then (c) follows from (dl); if \i — j\ = p then (c) follows from (d2). 
Thus we can assume that \i — j\ > p + 1. We can also assume that i = and j > 
(hence j > p + 1). We must only prove that 

{w ,Wj) = (-l) p Xj- p if j > p. 

We argue by induction on j. For j = p the result is known. Assume that j > p + 1. 
From (g - l) 2p+1 Wj- 2 p-i = we deduce Y.he[o,2 P +i] n h Wj- 2v -i+h = 0. Hence 
Eh'e[o,2 P +i] n h'Wj-h> = and Ehe[o,2p+i] n h (w ,Wj_ h ) = 0. If j = p+ 1 we can 
assume that h = 0, h = lorh = 2p + l (the other terms are zero); thus, 

n Q (wo,w p+1 ) +n 1 (wo,w p ) + n 2p+ i(wo, w- P ) = 0. 
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We see that (w ,w p+1 )-(2p+l)(-l)P-(-l)P = so that (w ,w p+1 ) = (-l) p (2p+ 
2) as required. Now assume that j > p + 2. We have 

^ n h (w ,Wj- h ) = 0. 

he[Q,2p+l];j-h>p 

Using the induction hypothesis this implies 

^2 n h (-l) p Xj- h - p + (w , Wj) = 

he[l,2p+l];j-h>p 



hence it is enough to show that 



that is 



^ n h Xj- h - p = 

he[0,2p+l];j-h>p 



} J n h Xj- h - 
he[o,j- P ] 



This follows from 1.5(a) with u = j — p since j — p > 2. 

1.7. We preserve the setup of 1.6. The subspace E' of E spanned by {wi;i G 
[0, 2p — 1]} is clearly nondegenerate for (,) hence there exists w G E such that 
(wi,w) = for i G [0, 2p — 1] and (w, w) = 2. Moreover, w is unique up to 
multiplication by ±1. We have w <£ E' . We can write w = Eie[o 2 P ] c i w i wnere 
Ci G k are uniquely defined and c* := c^ v ^ 0. Taking (wh, ) and setting q = q/c* 
we obtain 

(*) J2 Cifp(i-h) = 0foThe[0,2 P -i\. 

iE[0,2p] 

We show (setting /_,- = ( 2p J +1 )): 

Ci = (-if- 1 (l + h + --- + k)iUe [0, p - 1], 

c, = (-l) l (/ + /i + --- + hp-i) if i G [p, 2p]. 

We can assume that p > 1. Clearly (*) has a unique solution q(z G [0, 2p — 1]). 
Note that c 2p = 1. If /i = p then (*) is c + 1 = 0. If h G [p + 1, 2p — 1] then (*) is 

Eie[o,h- P ] ^/pC* - ^) = 0. If /i G [0,p - 1] then (*) is Eie[/n-p,2 P ] ^/ P (« - fr) = °- 
It is enough to show: 

(a) J2 (-±y~ 1 (lo + --- + h)x(h-i-p)=Oifhe[p + l,2p-l], 

iE[0,h-p] 



10 G. LUSZTIG 

(b) J2 (-lY(lo + --- + l2 P -r)x(l-h-p)=Oi£he[0,p-l]. 

ie[h+p,2p] 

We rewrite equation (b) (using % \— > 2p — i and h \— > 2p — h) as 

(c) J2 (-VHk + --- + k)x(h-i-p) = o. 

ie[0,h-p] 

Here h G [p+ 1, 2p\. Note that (c) contains (a) as a special case. Thus it is enough 
to prove (c). We prove (c) by induction on h. If h — p + 1 then equation (c) is 
IqXi — (/o + h)xo = that is 2p + 2 — (2p + 2) = 0, which is correct. If h > p + 2 
we have Eiefo h-p](~ ^Yh x (h — i — p) =0. Hence in this case (c) is equivalent to 
Siefi h- P ](~^y Co + • • • + h-i) x (h — i — p) =0 which is the same as equation (c) 
with h replaced by h — 1 (this holds by the induction hypothesis). This proves (c) 
hence (a),(b). 
We show: 

(d) (w 2p ,w)c* = 2. 
Indeed, we have 

2= (w,w) = ( ^ CiWi.w) = c 2 p(w 2 p,w), 
ie[o,2 P ] 

as desired. We show: 

(e) cl = 2~ 2p . 
We have 

2 = (w 2p ,w)c* = (w 2p , ^ c i w i) c * = ^2 c i(- 1 ) P /p( 2 P-«) c *- 

iE[0,2p] ie[0,2p] 

Thus 

2c; 2 = J2 c l (-l) p f P (2p-t). 
ie[o, P ] 

If p — 0, this reads 2c~ 2 = co/o(0) = 2 hence (e) follows. If p > 1, we have 
(w , w) = hence = E* e [o,2 P ] Ci(-l) p f P (i) hence = E; e [ P ,2 P ] Ci(-l) p / P (i) that 
is, 

0= J2 c 2p -i(-l) p f p (2p-i). 

ie[o, P ] 

Adding to 

2c^ 2 = J2 c l (-l) p f P (2p-z) 

ie[o, P ] 
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we get 

2c; 2 = J2 (c l + c 2p - l )(-l) p f p (2p-i). 

i€[0,p] 

Now Ci + C2 P -i = if % G [0,p — 1] hence 

2c; 2 = 2(-l)% = 2(/ + l 1 + ... + l p ) = 2 2p+1 

and (e) follows. 

From (e) we see that, by replacing if necessary w by —w we can assume that 

(f) c* = 2~ p . 

This condition determines w uniquely. 
We show that for h G Z: 

(g) K,w) = 2 p+1 /i(/i - l)(/i -2)...(h-2p+ l)(2p)\-\ 
We must show that for h G Z: 



iS[0,2p] 



Cl (-l) p / p (z - /i) = 2 p+1 h(h -l)(h-2)...(h-2p + l)(2p)r 1 



or that 



J2 Q(-l) p / p (z - /i) = 2 2p+1 h(h -l)(h-2)...(h-2p+ l){2p)\-\ 

ie[0,2p] 

It is enough to prove this equality in Z. The left hand side is a polynomial in h 
with rational coefficients of degree < 2p which vanishes for h G [0, 2p — 1] in which 
the coefficient of h 2p is 

J2 c l (-l) p 2(2p)r 1 = (-l) p c p 2(2p)l 

iE[0,2p] 

= (lo + h + --- + l P )2(2p)r 1 = {-l) p 2 2p 2{2p)\-\ 

Hence it is equal to the right hand side. 

For any h G Z, wh is defined as in 1.0. We show: 

(h) (w , w h ) = 2(-l) ft if h E [0, p\- (wq, w p+1 ) = 2(-l)^ +1 + (-l) p 2 2p + 2 . 
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We can assume that h > 1. We have 

(w ,W h ) = ( ^ CiWi,W h ) 

ie[o,2 P ] 

= J2 c t (w t - h ,w )= J2 Zc l {i-h)(i-h-l)...(i-h-2p + l)(2p)\- 1 

ie[o,2 P ] ie[o,2 P ] 

J2 2(-iy- 1 (l + --- + k)(i-h)(i-h-l)...(i-h-2p + l)(2p)r 1 
ie[o,h-i]-i^ P 

+ S h , p+1 2(-l) p (l + ... + l p )(p-h)(p-h-l)...(p-h-2p + l)(2p)!" 1 
= J2 2(-iy~ 1 (lo + --- + k)^-h)(i-h-l)...(i-h-2p + l)(2p)\- 1 

i€[0,h-l] 

+ 25 h , p+1 2(-l) p (l + --- + l p ). 

Now 4(-l) p (/ H + l P ) = (-l) p 2 2p+2 . It remains to show that 

J2 (-l) i_1 (^o + --- + k)(h-i)(h-i+l)...(h-i + 2p- l)(2p)r 1 = (-l) h 
ie[o,h-i] 

for h E [l,p+ 1], or setting h' — h — l,u — h' — i: 

J2 (-l)'(^o + • • • + k){u + l)(u + 2) . . . (u + 2p)(2p)!" 1 = (-I) 71 ' 

i>0,w>0,i+M=h' 

for /i' e [0,p]. We shall actually show that this holds for any h' > 0. It is enough 
to show that for an indeterminate T we have 

J2 (-l)U + • • • + k)T\u + l)(u + 2) . . . (u + 2p)(2p)r 1 T u = J2 (-l) h 'T h ' 

i>0,u>0 h'>0 

or that 

^(-l)^o + ■■■ + h)T\l - T)~ 2p - X = (1 + T)" 1 

i>0 

or that 

/ (1 -T + T 2 - ...) + h(-T + T 2 - T 3 ) + . . . )(1 - T)-^- 1 = (1 + T)" 1 
or that 

(1 + T)- 1 ^ - /xT + / 2 T 2 - . . . )(1 - T)~ 2p ~ l = (1 + T)-\ 
This is obvious. 
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1.8. We preserve the setup of 1.7. For fteZwe show 

(a) (w ,Wh) = Er6[o, P ]( _1 ) r22r /r(^)- In particular, (w ,Wh) G 2Z. 
We must prove the equality 

(a') J2 2c l (i-h)(i-h-l)...(i-h-2p + l)(2p)\- 1 = J2 (-l) r 2 2r f r (h) 
ie[o,2p] re[o,p] 

in k. It is enough to prove that (a') holds in Z. Let F p (h) be the left hand side 
of (a'). It can be viewed as a polynomial with rational coefficients in h of degree 
< 2p in which the coefficient of h 2p is 

J2 2c,(2p)!- 1 = 2c p {2p)\~ l = 2(-l)P(/ + • • • + / P )(2p)!" 1 = 2(-l) p 2 2p (2p)r 1 . 

ie[o,2 P ] 

(We have used that q + ci p -i = if i ^ p.) Thus 

F p (h) = (-l) p 2 2p+1 (2p)r 1 h 2p + lower powers of h. 

In the case where p = this implies that F p (h) = 2 so that (a') holds. We 
now assume that p > 1. Note that F p (—h) = F p (h) for /i G Z'; an equivalent 
statement is that (wo,^^) = (wo,W-h) which follows from the definitions. We 
see that F p (—h) = F p (h) as polynomials in h. Now F p — F p _i is a polynomial of 
degree 2p in /i whose value at h G [0,p — 1] is 2(— l)' 1 — 2(— l)' 1 = 0. Using this 
and F p (—h) = F p (h) we see that 

F p (h) - F p _!(/i) = (-l) p 2 2p+1 (2p)r 1 h 2 (h 2 -l)...(h 2 -(p- l) 2 ). 

From this we see by induction on p that (a') holds. 

It follows that, if L is the line spanned by wq, V is the line spanned by wq 
and a* = (2p + 1, 0, 0, . . . ), 6* = (0, 0, 0, ... ) then (g, L, V) G C^ b . In particular, 

iV 2 P*4 C V for t = 1,2. But for t = 1,2 we have N 2pt Ll C Ar^- 1 ^ c V 
since 2p t — 2p 2 + 1 > 0. This proves (d). 

1.9. We now consider a variant of the situation in 1.6. In the setup of 1.5, we 
consider a k- vector space E of dimension 2p + 1 with a given nondegenerate sym- 
metric bilinear form ( , ) : E x E — > k and a unipotent isometry g : E — y E of 
(, ) such that # is a single unipotent Jordan block (of size 2p + 1). Moreover we 
assume that we are given w G E and (if p > 1) w G E such that (with notation of 
1.0) for i, j G Z we have: 

(wi, it*,) = if \i - j\ < p; (wi, Wj) = (-l) p if \i - j\ = p (with p > 1), 
{wi,Wj) =0Xi-j G [0,2p-l], 
(wi,Wj) = 2 if z = j. 
We show: 
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(a) After possibly replacing w by —w, the following equalities hold for any i, h 
in Z: 

(al) (w h w h ) = {-l) p f p (i - h) ifp > 1, 

(a2) (w h , wo) = 2 p+1 h(h - l)(h - 2) . . . (h - 2p + l)(2p)!" 1 ifp>l, 
(aS) (w ,w h ) = EreloM^y^frih). 
Now the proof of (al) is exactly as in 1.6. We show: 

(b) if p > 1 then {wf,i G [0,2p]} is linearly independent. 

Assume that this is not true. Then W2 P belongs to £", the span of {wf,i G 
[0, 2p — 1]}; hence E' is a g-stable hyperplane. Note that g acts on E' as a 
unipotent linear map with a single Jordan block (of size 2p). By (al), (,)e' is 
nondegenerate. Hence g : E — >■ E has a Jordan block of size 2p and one of size 
1; this contradicts our assumption that g has a single Jordan block of size 2p + 1. 
This contradiction proves (b). 

By (b) we can write uniquely (assuming p > 1) wq = J2ie\o 2 P +il °i w i where 
Ci G k. Note that c 2p +i 7^ 0. (Otherwise, wo would be contained in E'; on the 
other hand wq is perpendicular to E' contradicting the nondegeneracy of (,)|e'0 
We set c* = C2 P +i, Q = qc" 1 (i G [0, 2p + 1]). By repeating the arguments in 
1.7 we see that c* = ±2~ p . Replacing if necessary w by — w we can assume that 
c* = 2~ p . Now (a2) and (a3) are proved exactly as in 1.7, 1.8. If p = then 
^h = ^0 f° r an y h E Zi hence (%,%) = ("^ch ^0) — /o(0) = 2. Thus (a3) holds 
again. 

1.10. We fix two integers pi,P2 such that p± > P2 > l.Let V', V" be two k-vector 
spaces of dimension 2pi + l, 2p 2 — 1 respectively. Let F = V'©V". Assume that V 
has a given basis zq, zi, ... , z 2pi and that V" has a given basis i>o, i>i, • • • , i>2 P2 -2- 
We define a symmetric bilinear form ( , ) on V by 

(zi, Zj ) = (-l) Pl f Pl (i-j) for z,j G [0,2 Pl ], 

(ui,^-) = (-ir-Vp 2 -i(i -3) for U e [0,2p 2 - 2], 
(zi,Vj) = (vj,2i) = 0for i G [0,2pi],j G [0,2p 2 -2]. 
(Notation of 1.5.) We define g G GL(V) by 

gzi = z i+1 if i G [0,2pi -1], 



^ 2pi = J2 ( _1 M Pl ? - K" 
ie[o,2 Pl ] \ J / 

gvi = v i+1 if z G [0, 2p 2 -3], 

je[0,2p 2 -2] \ J / 



Vj. 
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Note that g : V — » V is unipotent and that V, V" are g-stable (g has a single 
Jordan block on V' and a single Jordan block on V"). By 1.6, g : V — >■ V is an 
isometry. For z G Z we set Zj = (7^0 £ V"', i>j = g z vo G V". This agrees with our 
earlier notation. By 1.6 we have for i,j G Z: 

( Zi , Zj ) = (-1)* f^i-j), (vuvj) = i-ir^u^i-j). 

As in 1.7, 1.8, there is a unique vector zq G V and a unique vector t> G V" such 
that for any h G Z we have 

(z h , 5o) = 2^ +1 /i(/i -l)(h-2)...(h-2 Pl + l)(2 Pl )r\ 
(zo,z h )= J2 (-l) r 2 2 Vr(/i), 

re[0,pi] 

(v h , v ) = 2 p *h(h -l)(h-2)...(h-2p 2 + 3)(2p 2 - 2)\~\ 

(v ,V h )= Yl (-l) r 2 2r /r(M. 

r€[0,p 2 -l] 

For i G Z we set £3 = g % z G V, Cj = g l VQ G V". By 1.7 we have 

(5 ,^)=2(-l) /l if/iG[0,p 1 ], 
(So, ~z Pl+1 ) = 2(-l)^+ 1 + (-1)pi2 2 ^+ 2 , 
(i)o,^)=2(-l)Mf/iG[0,p 2 -l], 
(i)o,^ 2 ) = 2(-l)P 2 + (-l)P 2 - 1 2 2 ^. 
We fix ( G k such that C 2 = -1- We set 

Z = 2- p *(z_ P2 + (v )eV. 

Let h G Z. We show: 

(z h , = 2 p i- p2+1 (h + p 2 )(h + p 2 - l)(h + p 2 -2)...(h+p 2 -2 Pl + l)(2p 1 )r 1 . 

In particular, (0i,£) £ 2Z. 
We have 

(z h ,0 = 2~^(z h ,z- p2 ) = 2-^(z h+P2 ,zo) 
= 2- p2 2 p ' +1 (h + p 2 )(h +p 2 -l)(h + p 2 -2)...(h + p 2 -2 Pl + l)(2 Pl )r\ 

as desired. In particular we have 

(a,O = 0iffce[-p2,2pi-p2-l]. 

Let h G Z. We set ^ = g^. Using the definitions we see that 

(Co,Ch) = 2- 2p -((~zo,Zh) - (vo,v h )). 
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From this we deduce using the formulas above that 

(£o,&) = Oif/ie[-p2 + l,P2-l], 

(&,&) = E (-l) r 2 2r - 2p2 /r(/i)for/iGZ. 

It follows that, if L is the line in V spanned by zq, V is the line in V spanned by 
£anda* = (2 Pl + 1, 2p 2 - 1, 0, 0, . . .) A = (0,0,...), then (g,L,L') eC^. In 
particular C^^ ^ 0. 

1.11. We now consider a variant of the situation in 1.10. Let pi,P2 be as in 1.10; 
let V, e, (, ) be as in 1.0. Let g G Is(V). We assume that e = 1, dimF = 2pi + 2p2 
and that g is unipotent with exactly two Jordan blocks: one of size 2p± + 1 and 
one of size 2p2 — 1. Moreover we assume that we are given z € V, £ G V such that 
(with notation of 1.0) we have for i,j G Z: 

(z»,Zj) =0 if \i-j\ <pi, (^,^j) = (-1) P1 if |i-j| =pi, 

(6,^)=0if K-i|<p 2 , (&,&) = (-i) pa if |i-j|=p 2 , 

(z», &) = if i - j E [-pi, 2pi - p 2 - 1]. 
For u G Z we set a u = (zi,Zj),fi u = (£i,£j) 5 7w = (<Zi,£j) where i,j G Z are such 
that i — j = u. (These are well defined by 1.0(a).) Note that a u = a_ u , j3 u = fl- u . 
We show: 

(a) After possibly replacing £ by — £, the following equalities hold for any u G Z; 

(al)a u = (-l)^f Pl (u), ' 

(a2) lu = 2Pi-P2 +1 (u+p 2 )(u+p2-l)(u+p2-2) . . . (u+p 2 -2p 1 + l)(2p 1 )\- 1 , 

(aS) U = Erelp^i-^^'^fM- 
(Notation of 1.5.) When Zi, £j are replaced by the vectors with the same name in 
1.10, the quantities a u ,f3 u ,^ u become ck°,/3u5 7° (which were computed in 1.10). 
Then (al)-(a3) are equivalent to the equalities a u = a° , j5 u = ft®, 7« = 7°- 

We prove (al). If \u\ < p\ then (al) is clear. Thus we can assume that 
M > P\ + 1- We can also assume that u > (hence u > p\ + 1). We must 
only prove that 

(z , z u ) = (-l) Pl x u _ Pl if u > p x 
where Xh is as in 1.5 (with p = pi). As in the proof of 1.6(c) we argue by 
induction on u. For u = p\ the result is known. Assume that u > p\ + 1. We have 
(g - ifP^ 1 = on V hence (g - l) 2pi+1 z u - 2pi -i = that is 

/ J nhZ u -2 Pl -i+h = 0. 
he[o,2 Pl +i] 

Hence 

^2 n h >z u - h > = 
h'e[o,2 Pl +i] 
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and 

^ n h (zo,z u - h ) = 0. 

he[0,2 Pl + l] 

If u — p\ + 1 we can assume that h = 0,h=lorh= 2p\ + 1 (the other terms are 
zero); thus, 

n (z ,z Pl+1 ) +n 1 (z ,z Pl ) + n 2pi+1 (z , Z- Pl ) =0. 

We see that (z , z Pl+1 ) - (-l) Pl (2 Pl + 1) - (-l) Pl = so that 

(zo,^ 1 +i) = (-l) Pl (2p 1 + 2), 
as required. Now assume that u > p± + 2. We have 

^ nh(zo,z u - h ) = 0. 

he[0,2 Pl + l];j-h> Pl 

Using the induction hypothesis this implies 

^2 n h (-l) Pl x u - h - Pl + (z , z u ) = 

he[i,2 Pl +i]-u-h> Pl 

hence it is enough to show that 

/ _, 'Ifi'Vu—h—pi " 

he[0,2 Pl + l];u-h> Pl 

that is 

/ f^h-^u—h—pi U. 

h£[0,u— pi] 

This follows from 1.5(a) with u replaced by u — p\ since u — p\ > 2. 

The proof of (a2),(a3) will be given in 1.12-1.16 where the setup of this subsec- 
tion is preserved. 

1.12. We show: 

(a) the set {zf,i G [0, 2pi]} is linearly independent. 
Assume that this is not true. Then Z2 Pl G E, the span of {z^i G [0, 2p x — 1]}. 
Hence E is (7-stable and its perpendicular E is (7-stable. By assumption we have 
i P2 G E . Since E 1 is (7-stable we see that £$ G E 1 for alH G Z. Thus £", the 
span of {ii]i G [0, 2p 2 — 1]}, is contained in £" . By assumption, E' has dimension 
2^2 which is the same as dimE-*-. Hence E' = E 1 - . Since V = E®E', we see that 
V = E © E 1 - with both summands being (7-stable. Now g acts on E as a single 
unipotent Jordan block of size 2p±. Thus g : V —> V has a Jordan block of size 
2pi. This contradicts the assumption that the Jordan blocks of g : V — > V have 
sizes 2pi + 1, 2p2 — 1. This proves (a). 
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We set N — g — l,e = pi— pi- Let £ be the span of {N 1 zq; i G [2p 2 , 2f>i]} or 
equivalently the span of {N 2p2 Zi\ i G [0, 2e]}. We show: 

(b) dim£ = 2e + l. 

Let £' be the span of {N l zo;i G [2pi,2pi — 1]}. We have dim£' = 2e since 
{N l zo; i G [0, 2pi — 1]} is a linearly independent set. If (b) is false we would have 
N 2p2 z G £'. Then the span of {N^q; i G [0, 2p t - 1]} is iV-stable. Hence the span 
of {g l zo; i G [0, 2pi — 1]} is g-stable. This contradicts the proof of (a). 
We show: 

(c) N 2p2 £ G C. 

From the structure of Jordan blocks of N : V — > V we see that dim N 2p2 V = 2e+l. 
Clearly, C C N 2p2 V. Hence using (b) it follows that £ = N 2p2 V so that (c) holds. 
Using (c) we deduce 

(d) N 2p2 i = J2 ^N 2p2 Zl 

i€[0,2e] 

where q G k (i G [0, 2e]) are uniquely determined. 

1.13. For j G N we set m ; = (-1) J ( 2 J 2 ) so that A^ 2p2 = £je[o,2p 2 ] ^^- Fr om 



1.12(d) 


we deduce 












(a) 




E 

J6[0,2p 2 ] 


m&j = 


i€[0, 


E 

2e],je[0,2p 2 ] 


CiTYljZi-^-j . 


Taking 


(, z u ) with 


u G Z, we 


deduce 








(b) 




;'e[o,2 P2 ] 


lu-j = 


iS[0, 


E 

2e],je[0,2 P2 ] 


CiTTlj QL u —i—j 



We show: 

(cl) If u G [p2, 2pi — p 2 — 1] then the left hand side of (b) is 0. 

(c2) If u = 2pi — p 2 then the left hand side of (b) is r y2 Pl - P2 - 
For (cl) it is enough to show: if u is as in (cl) and j G [0, 2p 2 ] then u — j + pi G 
[0, 2p\ — 1]. (Indeed, we have u — j ' + pi < 2p\ — pi — 1 + pi = 2p\ — 1 and 
u — j + pi > P2 — 2pi + pi = 0.) For (c2) it is enough to show: if j G [1, 2pi] 
then 2pi — pi — j + pi G [0, 2pi — 1]. (Indeed we have 2pi — j < 2p\ — 1 and 
2px -j>2e> 0.) 

If u G [pi,pi — 1] then in the right hand side of (b) we have u — i — j < p\\ we 
can assume then that u — i — j < —p\ hence i > u — j + Pi > Pi — 2pi + p\ = e. 
Thus in this case (b) becomes (using (cl) and setting u — p\ — t): 

^ CiTTlj a Pl - t -i-j = for t G [1, e]. 

ie[e,2e],je[0,2p 2 ] 
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Setting c' h = C2 e -h for h G [0, e] and with the change of variable j i-> 2p2 — j, 

i i— > 2e — i we obtain 

(d) ^2 c 'i m j a -Pi-t+i+j = for t G [l,e]. 

*e[0,e],j€[0,2p 2 ] 

In the last sum we have — p\ —t + i+j < p\. Indeed, we have 

-Pl ~t + i+j< -px - 1 + pi - p 2 + 2p 2 = Pi - 1 < Pi- 

Hence we can restrict the sum to indices such that —p\ — t + i + j < —p\ that is 
—t + i+j = —s where s > 0. Thus we have 

\J c' i mja- Pl - s = for t G [1, e]. 

i€[0,e],j>0,«>0;i+a+j=t 

Hence 

( ^ c^T*)^™^)^ / Pl (pi + s)T s ) = c + terms of degree > e in T. 
*e[o,e] i>o s>o 

Thus _^ 

( 2_, c i^*)(l ~~ T) P2 A Pl = c + terms of degree > e in T 

i€[0,e] 

where A Pl is as in 1.5. Using 1.5(c) we obtain 

( J2 ^X 1 - T) 2p2 (l + T)(l - T)-^ 1 " 1 = c + terms of degree > e in T 

*€[0,e] 

hence 

J^ qT* = (1 + T) _1 (l - T) 2e+1 (c + terms of degree > e in T). 

iS[0,e] 

We have (1 - T) 2e+1 = E je [o,2e+i]( _1 X^ TJ wh ere /, = ( 2e + 1 ). Hence 
(l+Tj-^l-T) 2 ^ 1 = J^ (-l) J (/ + /i + --- + / J )T J +terms of degree > e in T. 

J'£[0,e] 

We see that 

(e) c\ = (-l) l c (/ + h + ■ ■ ■ + k) for i G [0, e]. 
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In the remainder of this subsection we assume that e > 0. If u — p\ then in the 
right hand side of (b) we have u — i — j G [— pi,pi]', we can then assume that 
u — i — j is — pi or p\. Hence i + j is 2pi or and (i,j) is (2e, 2p2) or (0, 0). Thus 
in this case (b) becomes (using (cl)) cq + C2 e = that is cq = —c' (to apply (cl) 
we use that e > 0). 

If u G [pi + 1, 2pi — p2 — 1] then in the right hand side of (b) we have u — i—j > 
— pi; we can assume then that u — i — j > pi hence 

% < u — j — p\ < 2pi — pi — 1 — p\ — e — 1. 

Using this and (cl) we see that (b) becomes (setting u — p\ + 1): 

^ amja Pl+ t-i-j = for t G [1, e - 1]. 

ie[o,e-i],je[o,2 P2 ] 

Note that in the sum we have p\ + t — % — j > —p\. Indeed, we have 

p\ + t - i - j > pi + 1 - pi + p 2 + 1 - 2p 2 = —pi + 2 > -pi . 

Hence we can restrict the sum to indices such that pi + t — i — j > p\ that is 
Pi+t — i— j=pi + s where s > 0. Thus we have 

y Ci77ija Pl+s = for t G [1, e — 1]. 

ie[0,e-l],j>0,s>0;i+s+j=t 

For such t we have also 

^ c' i m j a- Pl - s = 

ie[0,e-l],j>0,s>0;i+s+j=t 

as we have seen earlier; the index i cannot take the value e since i < t. Adding 
the last two equations and using a Pl + s = a- Pl - s we obtain 

y^ (cj + c'iJrrija-^-s = for t G [1, e - 1]. 

ie[0,e-l],j>0,s>0;i+s+j=t 

Thus, 

( Y^ (°i + c 'i) T ') (%2 m J TJ ) £ fpi (Pi + S ) TS ) =c + terms of degree >e in T 

ie[0,e-l] j>0 s>0 

where c G k. We see that 

( Y ( c * + c 'i) Tl )(. 1 ~ T) 2p2 A Pl =c + terms of degree > e in T. 

ie[0,e-l] 



DISTINGUISHED CLASSES AND ELLIPTIC WEYL GROUP ELEMENTS 21 

Using again 1.5(c), we obtain 
( J2 (Q + c-)T l )(l-T) 2p2 (l + T)(l-T)- 2pi - 1 =c + terms of degree >e in T 

iS[0,e-l] 

hence 

J2 (ct + c\)T l = (1 + T) _1 (l - T) 2e+1 (c + terms of degree > e in T) 

ie[0,e-l] 

that is, 

y (ci + Ci)T % = c + terms of degree > e in T. 

iS[0,e-l] 

We see that q + c^ = for % G [1, e — 1]. Using also (e) we see that 
(f) ^ = (-iy +1 c' Q (l + h + ■ ■ ■ + k) for i E [0, e - 1]. 

(In the case where i = this is just cq = —c' which is already known.) 
1.14. If u — 2pi — p 2 then, using 1.13(b) and 1.13(c2), we have 

(a) 72pi-p 2 = Yl c l m J a 2 p 1 -p 2 -i- j . 

ie[0,2e],je[0,2 P2 ] 

Taking (,^ P2 ) with 1.13(a) we obtain 

/ , m jPp2-j = 2—1 c i m jli+j-p2- 

je[0,2p 2 ] i6[0,2e],je[0,2p 2 ] 

In the left hand side only the contribution of j = and j = 2p 2 is 7^ 0; it is 
(— 1) P2 ; in the right hand side we can assume that i + j — p 2 > 2pi — p 2 (since 
i + j — p 2 > — p 2 ); hence we have i + j > 2p\ and i = 2e,j = 2p 2 and the right 
hand side is c 2e ^ 2pi - P2 = c' G ^ 2pi - P2 . Thus 

(b) 2(-ir=c[ )72pi _ P2 . 
We see that c' Q ^ and using (a),(b) we have 

2 (-!) P2 Co" 1 = Yl c i m j a2p 1 - P2 -i-j. 

ie[0,2e],je[0,2 P2 ] 

In the right hand side we have 2p± — p 2 — i — j > —p\ ; we can assume then that 
either 2p\ —p 2 —i—j = —p\ (hence i = 2e,j = 2p 2 ) or 2p\ —p 2 —i—j > p\ (hence 
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i < e). The first case can arise only if e = hence it is included in the second 
case. Thus 

(c) 2(-l) P2 c' Q - 1 = Yl c i m j a 2 p 1 -p 2 -i- j . 

ie[o,e],je[o,2 P2 ] 

Assume now that e > 0. From 1.13(d) with t = e, we have 

(d) 0= Yl c 'i m j a -2pi+p 2 +t+j- 

ie[o,e],je[o,2 P2 ] 

We now add (c) and (d) and use that Cj + c[ = if i G [0, e — 1] and c e — c' e . We 
get 

2(-ir*c' - 1 =2c' e J2 ™*«Pi-i- 

i€[0,2p 2 ] 

If jG [1, 2p 2 ] we have pi — j E \—p\ + l,pi — 1] hence ct Pl -j = 0. Thus 

2(-ir4- 1 = 2<a Pl =2(-ir<. 

By 1.13(e) we have c' e = (-l) e c(,(Z + /i + • • • + Z e ) = (-l) e c^2 2e hence 

2(-l) P2 c[ ) - 1 = 2(-l) Pl (-l) e c(,2 2e 

so that Cq 2 = 2 _2e and c' = ±2 _e . Changing if necessary £ by — £ we can therefore 
assume that 

(e) c& = 2" e . 

Assume now that e = 0. We have Cq = c$ and (c) becomes 

2(-l) P2 C _1 = ^Z c m 3 a Pi-3 

je[o,2 P2 ] 

that is, 2(— l) P2 co _1 = 2co(— l) Pl hence C 2 , = 1 and Co = ±1. Changing if neces- 
sary £ by — £ we can therefore assume that cq = 1. Thus (e) holds without the 
assumption e > 0. 

Using (e) we rewrite 1.13(e), 1.13(f) as follows: 

(f) c 2e _, = (-l) l 2" e (/ +h + --- + h)t0Tie [0, e], 

(g) <H = (-ir +1 2- e (Z + k + ■ ■ ■ + h) for i e [0, e - 1]. 

When Zj, £j are replaced by the vectors with the same name in 1.10, the quantities 
Ci become the quantities c°. (Here i G [0,2e].) We show that 

(h) a = 4 for i G [0,2e]. 

By the analogue of (b) we have 2(— 1) P2 = C2 e "f2 Pl - P2 - By results in 1.10 we have 
72 Pl - P2 = 2 e+1 . Hence c^ = (— l) P2 2 _e . Using this and the analogues of 1.13(e), 
1.13(f), we see that c^ are given by the same formulas as Cj in (e),(f). This proves 
(h). 
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1.15. Let C = E s >o72 Pl - P2+s T*, C° = E s >o7 2 ° Pl - P2 + s TS - If u = ^Pi ~ P2 + 
t,t > 0, then for any j that contributes to the left hand side of 1.13(b) we have 
u — j > —p 2 (indeed, u — j > 2p\ — p 2 — 2p 2 > — p 2 ) hence we can assume that in 
the left hand side of 1.13(b) we have u — j > 2pi — p 2 . Muliplying both sides of 
1.13(b) by T l and summing over all t > we thus obtain 

Y Y m n2 Pl - P2 +t-jT t = J2 Y CimjOtip^pt+t-i-jT* 

t>0 j£[0,2p 2 ];t-j>0 t>0 ie[0,2e],je[0,2p 2 ] 

The left hand side equals 

( Y rn 3 Ti)C£l2 Pl - P2+ t>T t ') = (l-T)^C. 
je[o,2 P2 ] t>>0 

Thus 

c = (1 - t)- 2 ^(Y1 Y ^%- B+ t-.-^)' 

t>0ie[0,2e],je[0,2p 2 ] 

Similarly we have 

C° = (1 - T)~^{Y Y ^mAp^+t-i-iT*). 

t>0ie[0,2e],je[0,2p 2 ] 

By 1.14(h) we have a = c°. By l.ll(al) we have a 2pi -p 2 +t-i-j = a-ipi-pa+t-i-j 
for any i,j,t. It follows that C = C . Hence 

( a ) l2 Pl -p 2 +s = l 2pi - p2+s 

for any s > 0. We set C = Et>o7-i*-i-tT*, C'° = E t >o7% 2 -i-t^. If 
u = p 2 — 1 — t, t > 0, then for any j that contributes to the left hand side of 1.13(b) 
we have u — j < 2pi — p 2 — 1 (indeed u — j<p 2 — 1— j<p 2 — 1< 2p\ — p 2 — 1) 
hence we can assume that in the left hand side of 1.13(b) we have u — j< —p 2 — 1. 
With the substitution j \-> 2p 2 — j the previous inequality becomes j — t < and 
the left hand side of 1.13(b) becomes 

Y rn jlu _2p 2 +j = Y m n- P2 -i+j-t- 
je[o,2 P2 ] je[o,2 P2 ] 

Muliplying both sides of 1.13(b) by T* and summing over all £ > we thus obtain 
Y m n-P2-i+j-tT t = Y^ Y Cirrijapz-x-t-i-jT 1 . 

t>0,j>0;t-j>0 t>0 ie[0,2e],je[0,2p 2 ] 

The left hand side equals 

( Y rn J T^(J2l- P2 -i-t'T t ') = (l-T)^C. 

j6[0,2p 2 ] t>>0 
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Thus 

C = (1 -T)- 2 ^(E E c i m i a Pa _i_t-«- i T*). 

t>0ie[0,2e],i6[0,2p 2 ] 

Similarly we have 

t>0ie[0,2e],je[0,2p 2 } 

By 1.14(h) we have q = c°. By l.ll(al) we have a P2 -\-t-i-j = «p 2 _i_ t _j_j for 
any i,j,t. It follows that C" = C . Hence 

(b) 7-pa-l-t = 7-pa-l-t 

for any £ > 0. Clearly (a),(b) imply l.ll(a2). 

1.16. We set B = E s >o^P2+sT s , B° = E s >o^ P2+s T s . Let t > 1. Taking 
(,Cp 2 +t) with 1.13(a) we obtain 

(a) Y m jPp2+t-j = E c i m jli+j-P2-t- 

je[o,2 P2 ] ie[o,2e},je[o,2 P2 ] 

For any j that contributes to the left hand side of (a) we have p2 + t—j > —p2 + 1 
(indeed, P2 + 1 — j > P2 + 1 — 2p 2 = —p2 + 1) hence we can assume that in the left 
hand side of (a) we have P2 + 1 — j > P2 that is t > j. Multiplying both sides of 
(a) by T l and summing over all t > 1 we thus obtain 

E E m j( 5 V2+t-jT t = J2 E c i m j 'y i+j - Pa -tT t . 

t>l je[0,2 P2 ];t>j t>l i6[0,2e],j€[0,2p 2 ] 

The left hand side equals 

-(-l) P2 + ( E m J T^(J2^ P2+ t'T t ') = -(-ir + (l-T)^B. 
je[o,2 P2 ] f>o 



Thus 



B = (1 - T)- 2 ^((-ir + E E c i m j -n ¥j - Pa - t T t ). 

t>l i6[0,2e],jE[0,2p 2 ] 

Similarly we have 

b° = (i - T)-^((-ir + E E c ^ +J -p 2 - t n 

t>l i6[0,2e],jE[0,2p 2 ] 

By 1.14(h) we have a = c°. By l.ll(a2) we have ^ i+j - P2 - t = 7° +J _ p2 _ t for any 
i,j,t. It follows that B = B°. Hence (3 P2+S = /3 p2+s for any s > 0. This clearly 
implies l.ll(a3). 
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1.17. In the setup of 1.1 we show that 1.1(a) holds by induction on n. If n = 
we have V = and ai — hi — Ci — pi — for all i. We take g = and (L*) to be 
the empty set of lines. We obtain an element of C^ b . Now assume that n > 0. 

Assume first that either a\ > 1, b\ > 1 or that e = —1. We can find a direct sum 
decomposition V = V © V" such that (V , V") = and dim V = a 1 + b 1 = 2p x . 
Let a* be the sequence oi, 0, 0, . . . ; let b'* be the sequence b\, 0, 0, . . . ; let a'/ be the 
sequence 02, 03, . . . ; let 6" be the sequence 62, 03, ... . By the induction hypothesis 
we have C^" 6 „ ^ 0. By 1.3 we have C V <K ^ 0. Let (g',L l ) G C V <K and let 

{g", L 2 , L 3 , * . .*) 6 C V J! K . Clearly, (#' © o"* L 1 , L 2 , . . . ) G C£ >6 , hence 1.1(a) holds 
in this case. Thus we can assume that e = 1 and either 

(i) a\ > and 61 = or 

(ii) ai = and 61 > 0. 
Assume that we are in case (i). We have b\ — bi — ■ • ■ — and g is unipotent. If 
CL2 = then 1.1(a) holds by 1.6 with p = (a± — l)/2. If a2 > we can find a direct 
sum decomposition V = V @V" such that (V, V") = and dim]/' = ai+ci2- Let 
a* be the sequence ai, 02, 0, . . . ; let a" be the sequence 03, 04, ... ; let 0* = 6" be 
the sequence 0, 0, ... . By the induction hypothesis we have C^,, b ,, 7^ 0. By 1.10 we 

have C V J v # 0. Let (g', L\ L 2 ) G C V J b , and let (g", L 3 , L 4 ,...)e C v a " h „. Clearly 
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((7' © (7", L 1 , L 2 , . . . ) G C^ b hence 1.1(a) holds in this case. This completes the 
proof in case (i). 

Assume now that we are in case (ii) so that — g is unipotent. It is easy to check 
that CY. a ^ h ^ = C^-g-b^ a „ an d the last set is nonempty by the earlier part of the 
argument. Hence Cj. a ^ b ^ 7^ 0. This completes the inductive proof of 1.1(a). 

In the following result we preserve the setup of 1.1. 

Proposition 1.18. Let (g, L 1 , L 2 ,..., L a+K ) G C£ ]b , . Let f r be as in 1.5. There 
exist vectors z 1 G L l — {0} for t G [l,cr + k] such that (i),(ii),(iii) below hold for 
any i,j G Z. 

(i) Assume that either t G [l,a],e = — 1 or t G [l,k]. Then (zj,z f j) = if 
\i ~ j\ < Pt, ( z ti zt j) = x s if j — i = Pt + s,s > (x s as in 1.5 with p = pt); 

(zj,z^) = 0zft'e[i,o- + Klt'^t. 

(ii) Assume that {t, t + 1} C [k + 1, a + k], t = k + 1 mod 2 and e = 1. We set 
5 = 1 if a t > 0, 5 = -1 if b t > 0. TTien 

(4,^) = (-l)^^' /pt (i-i), 
(*{ +1 ,z} +1 ) = S'-i Yl (-l) r 2 2r - 2pt+1 /.(^ - j), 

rE[pt+i,Pt] 

(zl,z* +1 ) = o^2^-^ 1+1 (z - j +p t+1 )(i - j +p t+1 - 1) 
x(i-j + p t+1 - 2) ... (i - j + p t+1 - 2p t + l)(2p t )r\ 
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(4,4) = 0»/t / 6[l,(T+«],t / ^{t,t+l}. 

(mj Assume that e = 1, k = l,t — a + 1. We set 6 = 1 if at > 0, 6 = — 1 if bt > 0. 
fWe Ziave pt = 0.) Then 

(z$,z t j ) = 26 i -i, 

(zlzf) = 0iftfe[l,<r]. 

We argue by induction on n. When n = the result is obvious. Now assume 
that n > 1. 

Case 1. Assume first that either a\ > l,b\ > 1 or that e = — 1. We have 
ai + bi = 2pi. Let V = @ ie \Q^ Pl -i\L\ C V. We show that 

(a) </V = V. 

It is enough to show that gL\ pi _ x C V that is g 2vi L\ C V. Since ^Lj C F' for 
z G [0, 2pi — 1] and oi + &i = 2pi, it is enough to show that ((7 — l) ai ((7 + l) 6l LQ = 0. 
It is also enough to show that (g — l) ai (g + l) bl = on V. But this follows from 
the fact that g G C^ b ■ 

Now let V" = © te [2, < 7+/ S ],t€[o,2pt-i]- £ 'i c v - We show that 

(b) V" = V' 1 - (the perpendicular to V') and V = V'®V' ± . 

For t G [2, a], i G [0, 2p 1 - 1] we have (L-,Lj t ) = 0; thus L* t G F'^. Since 
y'^ is ^-stable it follows that L\ C F'- 1 for t G [2, a], z G Z. If k = 1 we have 
(Lj, L° +1 ) = for i G [0, 2pi - 1]; thus L^ +1 C V f± . Hence V" C V'^. But these 
two vector spaces have the same dimension so that V" = V . Since V = V @V" 
it follows that V = V'®V ,± . This proves (b). 

Let g' = g\v'i g" = gv ■ We show: 

(c) g' restricted to the generalized 1-eigenspace of g' is unipotent with a single 
Jordan block of size a\; —g' restricted to the generalized (—l)-eigenspace of g' is 
unipotent with a single Jordan block of size b\; g" restricted to the generalized 
1-eigenspace of g" is unipotent with Jordan blocks of sizes given by the nonzero 
numbers in 02,03,...; —g" restricted to the generalized (—l)-eigenspace of g" is 
unipotent with Jordan blocks of sizes given by the nonzero numbers in b^-, 63, • • • • 
As we have seen earlier we have (0 — l) ai ((7 + I) 61 = on V (even on V). Also 
g' G GL(V') is regular in the sense of Steinberg and dim V = a± +b±. This implies 

(c). 

Let a'x be the sequence 01, 0, 0, . . . ; let b'^ be the sequence b±, 0, 0, ... ; let a" be 
the sequence 02, 03, ... ; let b" be the sequence 62, 63, ... . 

Now the proposition holds when (0, L 1 , L 2 , . . . ) is replaced by (g", L 2 , L 3 , . . . ) G 
^a" b" (^y t ne induction hypothesis) or by (g'^L 1 ) G C^, b , (we choose any z 1 G 
L 1 — {0} such that (zj,Zj) = 1 for \i — j\ = p\ and we apply 1.4). Hence the 
proposition holds for (0, L 1 , L 2 , . . . ) (since (V, V") = 0). 
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Case 2. Next we assume that k — 0, e = 1, a± > 0, a 2 > 0. Then b± = b 2 = 
• • • = 0. We have ax = 2p x + 1, a 2 = 2p 2 - 1. Let V = @te[i,2],ie[o,2p t -i\ L i c V- 
We show that 

(d) gV = V. 

Let N — g — 1. Then F = © te [ li0 . +re ] i j 6 [o,2p / -i]-W l -ko is a direct sum decomposition 
into lines and pi — p\ if i e [1, 2]. Now iV 2p2-1 (y) contains the lines 

(*) iV 2 P 2 - 1+l Lj(z = 0, 1, . . . , 2pi - 2p 2 ) and N 2 ^- X L% 
(whose number is 2p\ — 2p 2 + 2); moreover, since N has Jordan blocks of sizes 
a\ = 2pi + 1, a 2 = 2^2 — 1 and others of size < a 2 , we see that dimiV 2p2_1 (V) = 
2p\ — 2p 2 + 2 so that N 2p2 ~ 1 {V) is equal to the subspace spanned by (*) and 
JV 2p2_1 (V) C V. Now V is the subspace of V spanned by the lines ./V" 1 Lq with 
te [1, 2], i e [0, 2pt - 1]. It is enough to show that NV C V or that N 2pt L l c V 
for t = 1,2. But for t = 1, 2 we have N 2pt Ll C A^ 2 ^-!]/ c y s i nce 2p t -2p 2 + l > 
0. This proves (d). 

Let V" = ®te[3,a+K],ie[o,2 P ' t -n L l c v - We show that 

(e) V" = V' 1 - (the perpendicular to V) and V = V'®V' ± . 

For £ G [l,2],r G [3, a], i G [0, 2p t - 1] we have (L\,L r Pr ) = 0. Thus L r Pr C F'^ 
for r G [3,cr]. Since y /J - is (7-stable it follows that L[ C V' 1 - for r G [3, a], i G Z. 
If « = 1 we have (L*,L£ +1 ) = for i G [0,2p t - l],t G [1,2]. Thus L£ +1 G V f± . 
Hence V" C V . But these two vector spaces have the same dimension so that 
V" = V f± . Since V = V © V" it follows that V = V © V f± . This proves (e). 

Let g' = g\v>i g" = gv ■ We show: 

(f) g' is unipotent with exactly two Jordan blocks of size ai, a 2 . Moreover, g" is 
unipotent with Jordan blocks of sizes given by the nonzero numbers in 03, 04, ... . 
Since V is the direct sum of the lines N % L l , t G [1, 2], i G [0, 2p t — 1] and V 
is iV-stable, we see that the kernel of N : V' — ¥ V has dimension < 2. Hence 
N : V —t- V has either a single Jordan block of size 2pi + 2p 2 = a\ + a 2 or two 
Jordan blocks of sizes a[ > a 2 where o' x + a 2 = ai + a 2 . The first alternative 
does not occur since the Jordan blocks of iV : V — ¥ V have sizes < a\ (by 
(e)). Thus the second alternative holds. Since a' 1 ,a' 2 must form a subsequence of 
a\ > a 2 > 03 > . . . and a[ + a' 2 = a± + a 2 it follows that a[ — ai, a' 2 = a 2 . This 
implies (f). 

Let a* be the sequence ai, a 2 , 0, . . . ; let a" be the sequence 03, 04, ... ; let 6* = 6" 
be the sequence b 2 , 63, . . . . Now the proposition holds when ((7, L 1 , L 2 , . . . ) is re- 
placed by (g", L 3 , L 4 , . . . ) G C^, h „ (by the induction hypothesis) or by (g' 7 L 1 , L 2 ) el 

C^ 6 , (we choose any z 1 e L 1 — {0} such that (z}, zj) = (— l) Pl for \i —j\ = p\ and 
any z 2 <E L 2 — {0} such that (z 2 ,z 2 ) = (— 1) P2 for |z — j| = p 2 and we apply 1.11 
by possibly changing z 2 to — z 2 ). Hence the proposition holds for (g, L 1 , L 2 , . . . ) 
(since {V',V") = 0). 
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Case 3. Next we assume that k — 0, e = 1, a± > 0, a 2 = 0. Then b\ = b 2 = 
• • • = and a — 1,k — 1. We have a\ = 2p\ + l,p 2 = 0,p' 2 — 1/2- We choose any 
z 1 e L 1 - {0} such that (z},Zj) = (-l) Pl for \i - j\ = pi and any z 2 G L 2 - {0} 
such that (z 2 ,Zj) = 2 for \i — j\ = p 2 and we apply 1.9 by possibly changing z 2 to 
— z 2 . We see that the proposition holds for (g, L 1 , L 2 , . . . ). 

Case 4- Finally assume that k — 0, e = 1, b± > 0. Then (— g, L 1 , L 2 , . . . ) G 
CY a is as in Case 2 or 3. Let (z f ) be the corresponding sequence of vectors in 
V. This sequence is the desired sequence for (g, L , L 2 , . . . ). This completes the 
proof. 

1.19. In the setup of 1.1, we show that 1.1(b) holds. We must show that 

(a) any two elements (g,L x ,L 2 , . . . ,L a+K ), (g', L'\ L' 2 , . . . , L' a+K ) ofC^^ are 
in the same Is(V)-orbit. 

Since Is(V) acts transitively on C^ b we can assume that g = g' . Let z l G L* 
(t G [1, cr + k]) be as in 1.18. Let z n G L n (t G [1, a + k]) be the analogous vectors 
for (0, L'\ L' 2 , . . . ) instead of (0, L 1 , L 2 , . . . ). By 1.18 we have 

(b) (**,**') = (*'*,*'*') 

for any i, j G Z and any t, t' G [1, (7 + k]. Since {z*; £ G [1, a + «],i G [0, 2p' t — 1]} 
and \z'\\ t G [1, <t + k], i G [0, 2p£ — 1]} are bases of V (see 1.0(b)) we see that there 
is a unique 7 G GL(V) such that 7(2*) = z'\ for any t G [1, a + «],i G [0, 2p£ — 1]- 
From (b) we see that 7 G 7s(y). We show that 

(c) 7(4+i) = A+\ for any t G [1, a + k], z G [0, 2p{ - 1]. 

When i + 1 6 [0, 2p£ — 1] this follows from the definition of 7. Thus we can assume 
that i = 2p' t — 1 and we must show that ^(zii) = z'\ , for any t G [1,(7 + ft] . 

It is enough to show that (7(2*, /), 2'*- ) = {z' 2p i,z n j ) for any t' G [1,(7 + n],j G 
[0, 2p' t — 1] (we use again that {z'\;t G [1,(7 + n],i G [0, 2p' t — 1]} is a basis of 
V). We have {l(z\ ,), 2/*- ) = (7(4p'))7( 2; j )) = ( z 2 P 'i z j ) an< ^ tnis is equal to 
(z n 2 ,,z n j ) by (b). Thus (c) holds. From (c) we see that ^{g{z\)) — g(j(zj)) for 
any t G [1, a + k], i G [0, 2p£ — 1]. It follows that 7(7 = (77. From the definition it is 
clear that 7(1/*) = I/'* for £ G [1,(7+ k]. Thus (a) holds (with g' = g). This proves 
l-l(b). 

1.20. In the setup of 1.1, we show that 1.1(c) holds. Let (</, L 1 , L 2 , . . . , L a+K ) G 
C^ b and let / be the set of all 7 G is(V) such that 7<77 _1 = (7, 7(£*) = £* for 
£ G [1, (7 + k]. Let z l G L*(i G [1, a + «]) be as in 1.18. Let 7 G i". If t G [1, a + k], 
we have 7(2*) = ojJz 1 where uP t = ±1. If {t, t + 1} C [fc + 1,(7 + «],£ = fe + 1 
mod 2 and e = 1, we have u] = ojJ +1 . Indeed, for some s G {1,-1} we have 



s2^-^~ 1 = (zli,^) = (7(^i),7(4l + \)) 
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hence ui^u)1 +1 = 1 and our claim follows. Thus, 7 >— > (a;/) is a homomorphism 
tfj : I — > X (notation of 1.0). Assume that 7 is in the kernel of ip. Then 7 restricts 
to the identity map L* — > L* for £ G [l,a + k]. Since 7 commutes with g it 
follows that 7 restricts to the identity map on each of the lines g 1 ^ (t G [1, o~ + k], 
i G Z). Since these lines generate V (see 1.0(b)) we see that 7 = 1. Thus 
ip is injective. Now let (ut) G X. We define 7 G G?L(y) by 7(2*) = wt^* for 
£ G [1,(7 + «], i G [0, 2p' t — 1]. From the definitions we see that 

(a) (w t z$,w t >zt') = (z$,zl') 

for any i,j G Z and any £, £' G [1,<7 + k]. 

From (a) we see that 7 G 7s (V). We show that 

(b) 7(4+i) = u t z\ +1 for any t G [1, a + n],i G [0, 2pJ - 1]. 

When z + 1 G [0, 2p£ — 1] this follows from the definition of 7. Thus we can assume 
that i = 2p' t — 1 and we must show that ^(z^ ,) = ^tz\ , f° r an y t E [1,<t + k]. It 

is enough to show that {l{z\ , ), utt'Zj ) = {^tz\ , , WfZ* ) for any £' G [1, a + k], j G 
[0, 2p£ — 1] (we use again that {zj; t G [1, a + k], i G [0, 2p' t — 1]} is a basis of V). 
We have 

(7(4>;W*/) = (7(4pt)»7(^')) = (4 P {»^') 

and this is equal to (^ , , zj ) by (a). Thus (b) holds. 

From (b) we see that n f(g(zj)) = g{ r ){z\) for any t G [l,cr + n],i G [0, 2p£ — 1]. 
It follows that 7<7 = (77. From the definition it is clear that 7(7*) = L l for 
t G [1,ct + k]. Thus 7 G 7. We see that ■*/> is surjective hence an isomorphism. This 
proves 1.1(c). 

1.21. In the setup of 1.1, assume that n is even > 2 and e = 1. Let O be the 

set of 7s(y)°-orbits on the set of (n/2)-dimensional subspaces of V which are 
isotropic for (, ); note that |0| = 2. If (g, L 1 , L 2 , . . . , L a ) G C^ K then the (n/2)- 

dimensional subspace ©te[i,o-],ie[p t ,2pt-i]-^i or " ^ * s isotropic for (, ). Hence we have 
a partition 

nV _ I I nV 



where for O G O, C^ h is the set of all (51, L 1 , L 2 , . . . , L°") G C^ ^ such that 
®t£[i,a],ie\p t ,2p t -i}L\ G £>. Now 

(a) the action 1.0(c) of Is(V) restricts for any O G O to an action of Is(V)° 



onC L,K-,o; 



(b) if 7 G 7s (V) — 7s(y)° t/ien £/ie action of 7 on C^ b maps C^ b .q onto 
nV 

For any (!) G O we have the following variant of Theorem 1.1: 

(c) Cl^ # 0; 
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(d) the action (a) of Is(V)° on C^ b .q is transitive; 

(e) the isotropy group in Is(V)° at any point of C^ b . is canonically isomor- 
phic to X. 

Now (c) follows immediately from (b) and 1.1(a). We prove (d). Let 

(g,L\L 2 ,...)eCl tK;0 , {g\L'\L'\...)eCl^ . 

By 1.1(b) we can find 7 G Is(V) which carries (g, L 1 , L 2 , . . . ) to (g', L' 1 , L' 2 , . . .). 
By (b) we have automatically 7 G Is (V) . Hence (d) holds. 

To prove (e) it is enough to show that if 7 is in the isotropy group in Is(V) at 
(#, L 1 , L 2 , . . . ), then det(7) = 1. Let (ut) = ^(7) be as in 1.20. From the proof in 



as 



1.20 we see that det(7) = Ilteri 0-1 u t • Since ut = ±1 we see that det(7) = 1, 
required. 

We now show: 

(f) If 01 > 0, 61 > and (g, L 1 , L 2 , . . . ) G C^ b . a , then there exists 7 G I' 
(the isotropy group in Is(V)° at (g, L 1 , L 2 , . . . )) such that for 5 G {1,-1}, the 
restriction of 7 to the generalized 5-eigenspace of g has determinant — 1. 
Define (u t ) by ui\ = — l,u> t — 1 for t G [2, a]. In our case we have k > 1 hence 
M G X. Let V = E ie z L h V" = EteiVMez^- By 1.18, V = V © F" 
(orthogonal direct sum). Define 7 G J' by ^(7) = ( u t) (notation of 1.20). Then 7 
acts as identity on V" and as —1 times the identity on V . It is enough to prove 
that the restriction of 7 to the generalized 5-eigenspace of gyi has determinant —1 
or that this generalized 5-eigenspace has odd dimension. But this dimension is a\ 
(if 6 = 1) and b± (if 5 = —1) and at, b\ are odd. 

1.22. In the setup of 1.1, assume that n is odd (hence e = 1) and that C^ b C 
Is(V)°. We have the following variant of Theorem 1.1: 

(a) the restriction of the action 1.0(c) to Is(V)° is transitive on C^ b ; 

(b) it the isotropy group in Is(V)° at any point of C^ b is canonically isomor- 
phic to a subgroup of X of index 2. 

Note that if 7 G Is(V) - Is(V)° then -7 G Is(V)°. Moreover -1 G Is(V) acts 
trivially on C^ b ; hence (a) follows from 1.1(b). Now let 7 be in the isotropy 
group in Is(V) at (g, L 1 , L 2 , . . . ) and let (a;*) = ^(7) be as in 1.20. We have 

det(7) = u a+1 Yl u\ Vt = u a+1 . 

t€[l,a] 

Thus the condition that 7 G Is(V)° is equivalent to the condition that 0J a+ i = 1. 
This proves (b). 
We now show: 

(c) If ai > 0, h > and (g, L 1 , L 2 , . . . ) G C^ K with g G Is(V)° then there 
exists 7 G /' (the isotropy group in Is(V)° at (g, L 1 , L 2 , . . . )) such that for 5 G 
{1,-1}, the restriction 0/7 to the generalized 5-eigenspace of g has determinant 
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-1. 

Define (ut) by u\ = —l,u>t = 1 for t 6 [2,(7 + 1], In our case we have k > 1 
hence (u t ) G X. Let V = E ie z L i> ^" = Etep^+ij^z^- % L18 > we have 
V — V' © V" (orthogonal direct sum). Define 7 G i 7 by V'It) = { u t) (notation 
of 1.20). Then 7 acts as identity on V" and as —1 times the identity on V. It 
is enough to prove that the restriction of 7 to the generalized 5-eigenspace of gy> 
has determinant —1 or that this generalized 5-eigenspace has odd dimension. But 
this dimension is a\ (if 6 = 1) and b\ (if 5 = —1) and a±, b\ are odd. 

1.23. In the setup of 1.1, assume that n > 3 and e = 1. When n is odd we assume 
that C^ b C Is{V)° and let 7r : T — > Is(V)° be a surjective morphism of algebraic 
groups with kernel of order 2 such that F is connected and simply connected. When 
n is even let n : T — > Is(V) be a surjective morphism of algebraic groups with 
kernel of order 2 such that tt~ 1 (Is(V)°) is connected and simply connected. 

Let c be a r°-conjugacy class contained in 7r _1 (C^ b ). (If ai&i > we have 
c = 7T _1 (C ( ^ b ); if a\bi = there are two choices for c.) For n odd let X be 
the set of all (g, L 1 , L 2 , . . . , L a+1 ) where g G c and (ir(g), L 1 , L 2 , . . . , L a+1 ) G 
C^ b . For n even let X be the set of all (g, L 1 , L 2 , . . . , L a ) where g G c and 
(n(g), L 1 , L 2 , . . . , L a ) G C^ K . . Note that X ^ 0. Now T acts on X by 

7 : (g, L\ L 2 , . . . , Z/^) h. ( 7 ^- 1 , 7r( 7 )L 1 , tt( 7 )L 2 , . . . , 7r( 7 )L^). 

We show: 

(a) This action is transitive. 

If a±bi = 0, then (a) follows trivially from 1.21(d), 1.22(a). Assume now that 
ai&i > 0. Let (g, L 1 , L 2 , . . . , L a+K ) G X and let c be the nontrivial element in ker tt. 
Let g = n(g). We define 7 in terms of (#, L 1 , L 2 , . . . , L cr+K ) as in 1.21(f) or 1.22(c). 
Let 7 G 7r _1 (7). Since 7(77 _1 = g we see that either 7^7 _1 = 5 or 7^7 _1 = c^. 
In the first case 7 is in the centralizer in T of ^ s (the semisimple part of g). 
This centralizer is a connected algebraic group (by a result of Steinberg) . Thus its 
image under n is connected hence it is contained in the connected centralizer of g s 
(the semisimple part of g) in Is(V)°. Thus 7 = 7r(7) is contained in the connected 
centralizer of g s in Is(V)°. But then the restriction of 7 to the 1-eigenspace of 
g s would have determinant 1, contradicting the choice of 7. We see that we must 
have 

(b) 7<77 -1 = ca- 
using 1.21(d), 1.22(a), we see that any r°-orbit on X contains either (#, L 1 , L 2 , . . . , L a+K ) 
or (eg, L , L 2 , . . . , L a+K ). From (b) and the definition of 7 we see that the action of 

g takes (g, L 1 , L 2 , . . . , L a+K ) to (eg, L 1 , L 2 , . . . , L a+K ). This shows that (a) holds. 

1.24. As in [LI, §3], [L5, §3] we see that 1.23 (resp. 1.1) implies that Theorem 
0.3 holds when G is T in 1.23 (resp. G = Is(V) with n > 2, e = -1). 

2. Bilinear forms 
2.0. For any subset S of Z we write S" = S n (2Z), S' = S D (2Z + 1). 
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Let V be a k-vector space of finite dimension n. Let (, ) : V x V* — » k be 
the obvious pairing. Let Gy = GL(V) and let G v be the set of all vector space 
isomorphisms V — Y V* . Note that an element of G v can be viewed as a bilinear 
form V x V — » k. For 7 G Gy we define 7 G Gy* by (7(3;), 7(C)) = (^0 f° r 
all x G V, £ G V*. For (7 G G y we define g G G y » by (gz',gz) = (z,z') for any 
z G V, 2' G V*. There is a well defined group structure on G := Gy U G y denoted 
by * such that for 7,7' in Gy and g,g' in G y we have 

7 * 7 ' = 77 'GGy; 7*j' = VeGj,; g * g ' = gg' e G v ; g*^ = 91 ' eG v . 

Now let (7 G Gy. For z G Z let (7** be the i-th power of g for the multiplication *. 
In particular we have g* 2 = g * g = gg. For i G Z" we have (7** G Gy. For ieZ' 
we have g** G Gy. For any z G V and i G Z we set ^ = (7* l z; we have Zi £ V 
if z G Z" and ^ G V"* if z G Z'. Similarly, for any line L in V and i e Z we set 
Li = g* l L; this is a line in V if z G Z" and a line in V* if z G Z'. 
For any z, 2/ in V and any z G Z", j G Z', k G Z", we show: 

( a ) { z i+k: z j+k) = \ Z ii Z j)l 



(b) (*i>Zj) = (*-*>*-.»)• 
Indeed, we have 

(zi,Zj) = (zi.gz'j^) = (^_ 1 , (g)~ 1 z l ) = (^_i,^(^) -1 ^) 

(c) = (*J-_i,03i-2) = (^-l^i-l)- 

Repeating this we get {z'^^zi-i) = (zi-2,Zj_ 2 )- Combining with (c) we get 
(zi,Zj) = (zi-2, z j-2)'i hence (zi,Zj) = 4>{i — j) where 4> : Z' — » k; by (c) we have 
(z^Zj) = <p(j — z) for z G Z", j G Z'. In particular, (a),(b) hold. 

Let ai > 0,2 > ■ ■ ■ , bi > b% > . . . be two sequences of integers > in N such 
that 

if i > 1, Oj = ai_|_i then c^+i = 0; 

if i > 1, bi — bi + i then 6 i+ i = 0; 

if a^ > 0, then a^ G Z'; 

if 6i > 0, then 6; G Z"; 

(ai + a 2 + ...) + (61 + 62 + ...)= n. 
It follows that ai = for large z and 6^ = for large i. Define k > by {z > 
1; a^ > 0} = [1, fc]. We define pi G N for z > 1 as follows. If z G [1, k], we have 
Pi = (o>i + bi + l)/2. If z > fc we define pi by requiring that for s — 1, 3, 5, . . . we 
have: 

(p fc+s ,p fc+s+ i) = (6 fc+s /2, (6 fc+s+ i + 2)/2) if 6 fc+s > 0; 

(p k+s ,p k+s+1 ) = ((a k+s + l)/2, (a k+s+ i + l))/2) if a fc+s > 0, a fc+s+ i > 0; 
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(Pk+s, Pk+s+i) = ((ttfc+s + l)/2, 0) if a k+s > 0, a k+s+1 = 0; 

(pk+s,Pk+s+i) = (0, 0) if a k+s = a k + s +i = 0. 

We define a as follows. If n = we set a = 0. If n > 1 let a be the largest i such 
that pi > 0. We have pi > P2 > ■ ■ ■ > Pa and 

(2pi - 1) + (2p 2 - 1) + • • • + (2p CT - 1) = n. 

Let C^ b ^ be the set of all g G G7 1 - such that g* 4 G GV is unipotent and such 
that on the generalized 1-eigenspace of g* 2 , g* 2 has Jordan blocks of sizes given 
by the nonzero numbers in oi, a,2, ■ ■ ■ and on the generalized (— l)-eigenspace of 
g* 2 , —g* 2 has Jordan blocks of sizes given by the nonzero numbers in bi, 62, . . . . 

For g G C^ 6< let C^^ 6 ^ be the set consisting of all L 1 , L 2 , . . . , L a where 
L f (t G [l,cr]) are lines in V (the upper scripts are not powers) such that for 
ieZ",je Z' we have: 

(Li LJ) = if i - j G [-2pt + 3, 2p t - 3]', 

(Llty # if \i-j\=2pt-l(te [l,(r]); 

(LJ, L*) = if j - i G [1 - 2p r , 4pt - 2p r - 3]', 1 < t < r < a. 
Here L\ = g* l L l . We then have: 

(d) V = ®t£[l,a\,i£[Q,2p t -2\L\- 

(See [L5, 4.8(a)].) Let C^ K be the set of all (g, L 1 , L 2 ,..., L a ) such that g G C^ K 
and(L 1 ,L 2 ,...,L-)GC^ A . 

Note that Gy acts on 67^ by "twisted conjugation" that is by 7 : g >->■ 7<77 _1 . 
Also GV acts on C^ b by 

(e) 7 : (<7, i 1 , ^ 2 , • • • , ^) H- ( 7 <77~\ 1^\ l{L\ • • • , 7 (^))- 

Now let X be the subgroup of Iltefi o-l{l> ~ -'■} consisting of all (u>t)t€[i,a-] such that 
Wt = co) t+ i for any t such that {£, t+ 1} C [fe + 1, a], t = k + 1 mod 2, 6 t > 0. Thus 
X is a finite elementary abelian 2-group. 

The folowing is the main result of this section. 

Theorem 2.1. (a) C^ b is nonempty; 

(b) the action 2. 0(e) of Gy on C^ b is transitive; 

(c) the isotropy group in Gy at any point of C^ b is canonically isomorphic to 
X. 

2.2. Let a G N', b G N",p G N >0 be such that a + b = 2p - 1. For e G N" we 
define n e G Z by 

(1-T 2 ) a (l + T 2 ) & = ^ n e T e . 

e6N" 

We have no = l,7i4 p _2- e = — n e , n e = if e > 4p — 2. We define x e G Z for 
e G N" by Xq = 1 and 

(a) no£ e + n2a; e _2 + • • • + n e xo = for e > 2. 
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For h G Z' we set a^ = if \h\ < 2p — 1, x' h — x\ h \_ 2p +i if \h\ >2p — l. We show: 

(b) \^ ^e^e-j-i = o f° r an y J e [0,4p — 4]". 

e6N" 

Assume first that j G [2p, 4p — 4]" . We have 

e-j-l<e-2p-l<4p-2-2p-l<2p-3. 

Hence we can assume that e — j — 1 < — 2p + 1 so that x'g^.j = Xj+i- e -2 P +i and 
we must show that 

/ J n e Xj+l- e -2 p +l = 0. 

e;e<j+l-2p+l 

This holds since j + 1 — 2p + 1 > 2. Assume next that j G [0, 2p — 4]" . We have 
e — j — 1 > e — 2p + 4 — 1 > — 2p + 3. Hence we can assume that e — j — l>2p—l 
so that x' e _j_ 1 = x e -j-i-2 P +i and we must show that 

^ ^e^e-j-l-2p+l = 

e;e>j + l+2p-l 



that is, 



that is, 



that is, 



/ _, "-4p-2- e a ; e-j-l-2p+l — 0, 

e;e>j + l+2p-l 

/ _, n e 'X4 : p-2-e'-j-l-2p+l = 0, 

e';4p-2-e'>j + l+2p-l 



^ n e >X2p-2-e'-j = 0, 

e';e'<2p-2-j 

and this holds since 2p — 2 — j > 2. Assume next that j — 2p — 2. In the 
sum over e we can assume that e — j — 1 > 2p — lore— j — 1 < —2p + 1, 
that is e > 4p — 2 or e < 0. Thus e = or e = 4p - 2. Thus the sum is 
n x'_ 2p+1 + n^ v -2x' 2v _ x = n + n 4p - 2 = 0. 

2.3. In the setup of 2.2 let V be a k- vector space of dimension 2p — 1. Assume 
that we are given a basis {u^; z G [0, 4p — 4]"} of V. Let {w^; z G [1, 4p — 3]'} be 
the basis of V* such that 

( Wi , Wj ) = x\_ 3 = x'^ if z G [0, 4p - 4]", j G [1, 4p - 3]'. 

Thus (wi,Wj) — if \i — j\ < 2p — 1. We define g G Gy by gu^ = iuj+i for 
z G [0, 4p - 4]". Let g G G^, be as in 2.0. We have 

<?«;; = w i+1 if z G [1, 4p - 5]'; 
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we must check that (wi+i,Wj+i) = (wj, Wi) for i G [1, 4p — 3]',j G [0, 4p — 4]"; we 
use that \i + 1 — (j + 1)| = \j — i\. 
We show: 

gw 4p -3 = ^2 UiWi 

iS[0,4p-4]" 



that is, 



^ m{wi, Wj+i) = (wj,W4 p - 3 ) for any j G [0, 4p - 4]' 



iS[0,4p-4]" 



that is, 



that is, 



y riix'{i — j — 1) = x'(4p — 3 — j) for any j G [0, 4p — 4]' 

i£[0,4p-4]" 



^ riiX '(i — j — 1) = for any j G [0, 4p — 4]" . 

iS[0,4p-2]" 



This has been seen in 2.2(b). 

We have g* 2 (wi) = w i+2 for i G [0,4p- 6]", 5'* 2 (ty 4p -4) = J2ie[o,4 P -4]» n i w i- 
Hence (g* 2 — l) a (g* 2 + l) b = on V. Indeed this holds on wo and then it holds 
automatically on Wi,i G [0,4p — 4]" . Now g* 2 G Gy is regular in the sense of 
Steinberg and satisfies (g* 2 — l) a (g* 2 + l) b = on V. Hence V = V + © V~ where 
g* 2 acts on V + as a single unipotent Jordan block of size a and — g* 2 acts on V~ 
as a single unipotent Jordan block of size b. 

It follows that, if L is the line in V spanned by too and a* = (a, 0, 0, ...), 
6* = (b, 0, 0, . . . ), then (g, L) G C^ M ; in particular, Cj^ ^ 0. 

We now consider a variant of the situation above. Let V be a k-vector space 
of dimension 2p — 1 with a given element <? G G v , such that (7* 4 = 1, on the 
generalized 1-eigenspace of g* 2 , g* 2 is a single unipotent Jordan block of size a 
and on the generalized (— l)-eigenspace of g* 2 , —g* 2 is a single unipotent Jordan 
block of size b. Moreover we assume that we are given w G V such (with notation 
of 2.0) we have 

(wi, Wj) = if i G Z" ,j G Z', |z — j | < 2p — 1 and 
K, Wj ) = 1 if z G Z", j G Z', |z - j | = 2p - 1. 

We show: 

(a) for any i G Z", j G Z' tye /ioue (wi,Wj) = x\_j. 
We can assume that i = and j ; > 1. The equality in (a) is already known 
if j < 2p — 1. It is enough to show that (wq, w>2p-i+2t) = ^2* f° r t G N. 
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We argue by induction on t; for t — the result is already known. Now as- 
sume that t > 1. Applying (g* 2 - l) a (g* 2 + l) b = to w 2 t-2 P +2 we obtain 
J2ee[o,4p-2]" n eW2t-2 P +2+e = 0. Taking (,tui) we obtain 

^ n e (w2t-2p+2+e,«'l) = 

e€[0,4p-2]" 

that is, 

yi ™e(Wo,W 2 t-2p+l+e) = 0. 

e6[0,4p-2]" 

For e in the sum we have 2£ — 2p + 1 + e > — 2p + 3; hence we can assume that we 
have 2t-2p+l + e>2p-l. Thus 

^2 n e (w , W 2t -2p+l+e) = 0. 

e6[0,4p-2]";2£-2p+l+e>2p-l 

By the induction hypothesis this implies 

^ n e X 2 t-4p+2+e - {U>0, W 2 t-2p+l+e) = 0. 

ee[0,4p-4]";2t-2p+l+e>2p-l 

It is then enough to show that 

/ J n e X2t-4: P +2+e — X 2 t = 0, 

ee[0,4p-4]";2t-2p+l+e>2p-l 

or that 

2 J n 4p-2-eX2t-4p+2+e = 0, 

ee[0,4p-2]";2t-2p+l+e>2p-l 

or that 

^2 n hXh' = 0. 

h,h'e~N";h+h'=2t 

But this holds by the definition of x e since 2t >2. 

2.4. Let p G N >0 . We define n e for e G N" by n e = ( e 2 f 2 ). We define x e for 
e G N" by xq — l,x 2 — ~(2p + 1), and noX e + n 2 x e - 2 + • • ■ + n e xo = for e > 4. 
For e = 2 we have 

n x e + n 2 x e - 2 H \- n e x = n x 2 + n 2 x = -(2p + 1) + 2p = -1. 

For d G Z' we set p (d) = if |d| < 2p - 1, p (d) = X| d |_ 2 p+i if |d| > 2p - 1. We 
show for any /i G Z': 

(a) J^ ^ e P (e + /i) = 

e6[0,4p]" 
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Assume that h < — 1. We set h — — j — 1 so that j G N". Assume first that 
j >2p + 2. We have e-j-l<e-2p-2-l<4p-2p-2-l<2p-3. Hence 
we can assume that e — j — 1 < — 2p + 1 so that 4> p (e — j — 1) = Xj + i_ e _2 P +i and 
we must show 

/ J n e Xj + l- e -2p+l = 0. 

e€N";e<i+l-2p+l 

This holds since j + 1 — 2p + 1 > 4. 

Assume next that j < 2p — 4. We have e — j — 1 > e — 2p + 4 — 1 > —2p + 3. 
Hence we can assume that e — j — 1 > 2p — 1 so that 4> p (e — j — 1) = x e -j-i-2 P +i 
and we must show: 

/ J n e x e -j-i-2 P +i = 0, 

e6N";e>j + l+2p-l 

/ J n4 : p- e x e -j-i-2 P +i = 0, 

e€N";e>i+l+2p-l 

/ J n e 'X4 :P - e /-j-i-2p+i = 0, 

e'6N";4p-e'>j + l+2p-l 

^ n e >x 2p -e'-j = 

e'6N;e'<2p-j 

and this holds since 2p — j > 4. 

Assume next that j = 2p — 2. In the sum we can assume that e — j — 1 > 2p — 1 
or e — j — 1 < — 2p + 1 that is e > 4p — 2 or e < 0. Thus e = or e = 4p — 2 or 
e = 4p. Thus the sum is 

no4>p(-2p+l)+ n 4 P -24> P (2p-l)+n 4p (p p (2p + l) = x + 2px + x 2 = x 2 +2p + l = 0. 

Assume next that j = 2p. In the sum we can assume that e — j — 1 > 2p — 1 or 
e — j — 1 < —2p + 1 that is e > 4p or e < 2. Thus e = 0, 2 or 4p. Thus the sum is 

no4> p (-2p - 1) + n2(p p (-2p + 1) + n 4p $ p {2p - 1) = x 2 + 2p + 1 = 0. 

Thus the desired formula holds when h < — 1. Now assume that /i > 1. We have 

y^ n e (f)p(e + h) = y^ n^p-efipie + h) 

e£N" e6[0,4p]" 

= ^ n e (j) p (4p - e + h) = ^ n e (j) p (-4p + e - h) 

ee[0,4p]" ee[0,4p]" 

and this is by the first part of the proof since — 4p — h < — 1. 



that is 



that is 



that is 
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We have 



J2 n e T e Xj T J = 1 - T 

e£N",j6N" 



hence 



and 



(1 + T 2 ) 2p Yl XjT J = l-T 2 

J6N" 



t* = (i - t 2 )(i + t 2 )- 2 ? = (i - T 2 )(]T(-i) fc f 2p ]_ + k \r 2 



Thus, 



= (-l) fc ((2p - 1 + k)\/k\ + (2p + k- 2)1 /(k - l)!)/(2p - 1)! 

= (-l) fc (2p - 2 + fc)!/yfc!(2p - 1 + k + k)/(2p - 1)! 

= (-l) fc (2p + 2A; - l)(2p - 2 + fc)(2p - 2 + fc - 1) . . . (k + l)(2p - l)!" 1 . 

We show for any /i G Z': 

(b) p (/i) = (-l)^ +2p+1 )/ 2 2/i(/ i + 2p-3)(/i + 2p-5)...(/i-2p + 3)(4p-2)!!- 1 

where 

(4p - 2)!! := 2 x 4 x . . . x (4p - 2) = 2 2p " 1 (2p - 1)!. 

Assume first that /i = 2<i + 1 > 2p — 1. We have 

</>p(^) = ^2d+l-2p+l = ^2d-2p+2 

= (-l) d - p+1 (2p + 2d-2p + 2-l)(2p-2 + d-p + l) 

x (2p - 2 + d - p + 1 - 1) . . . (d - p + 2)(2p - l)!" 1 

= (-l) d - p+1 (2d + l)(p + d - l)(p + d - 2) . . . (d - p + 2)(2p - I)!' 1 

so that the result holds in this case. Now both sides of (a) are invariant under 
h i-)- —h. Hence (a) also holds if h < —2p + 1. If h G \—2p + 3, 2p — 3]', both sides 
of (a) are zero. Hence (a) holds for any h G Z'. 
In particular we have 4> p (2p + 1) = — (2p + 1). 



DISTINGUISHED CLASSES AND ELLIPTIC WEYL GROUP ELEMENTS 39 

2.5. In the setup of 2.4, let E be a k-vector space of dimension 2p. Assume that 
we are given a basis {wi; i G [0, Ap— 2]"} of E. We define a basis {wi; i G [l,4p— 1]'} 
of E* by 

(w i ,w j ) = M i -J) = <l>pU-i) forzG[0,4p-2]",JG[l,4p-l]'. 

Thus (wi, iwj) = if i G [0, Ap - 2}",j G [1, Ap - 1]', \i - j\ < 2p - 1. We define 
<7 G 67]^ by giu; = Wj+i for i G [0, 4p — 2]". We have 

<?«;; = w i+1 if z G [1, Ap - 3]'; 

we must check that (wi+i,Wj+i) = (wj, Wi) for i G [1, Ap — l]',j G [0, Ap — 2]"; we 
use that \i + 1 — (j + 1)| = |j — i|. 
We show: 

#to 4 p-i = - JZ niW ^ 

i€[0,4p-4]" 

We must show for any j G [0, 4p — 2]" that 

- ^2 rii(wi,Wj + i) = (wj,W4 P -i) 

iS[0,4p-2]" 

that is, 

^ ni0p(i-j-l) = 0p(4p-l-j), 

i€[0,4p-2]" 

J^ rei0 p (i-j-l) = O; 

iS[0,4p]" 

note that n^ p — — 1. This has been seen in 2.4(a). 
We have 

#* 2 K) = w l+2 for i G [0, Ap - A], 

g* 2 {w Ap - 2 ) = - ^2 UiWi - 

i€[0,4p-2]" 

Hence 

(a) (g* 2 + l) 2p = on E. 

Indeed this holds on wo and then it holds automatically on w;,j G [0,Ap — 2]". 
Now g* 2 G GL(E) is regular in the sense of Steinberg and satisfies (a). Hence 
—g* 2 acts on E as a single unipotent Jordan block of size 2p. 



that is, 
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2.6. For i G Z we write Wi instead of (wo)i- This agrees with our earlier notation 
for Wi when i G [0, Ap — 1]. We show: 

(a) (wi, Wj) = (f) p (i - j) = (j) p (j - i) for any i G Z", j G Z'. 

By 2.0(a) there exists a function / : Tl — » k such that (wi,Wj) = f(i — j) for 
any i G Z",j G Z'. We must show that f(h) = (j) p (h) for h G Z'. We set 
/'(/*) = f(h) - (p p (h). We must show that f'(h) = for all h G Z'. This is clearly 
true when h G [-2p + l,2p- 1]'. Applying E e6 [o,4p]" n e9* e = to Wi, i G Z", we 
deduce 

J^ n e ty i+e = 0; 

ee[0,4p]" 



hence 



n e (w i+e ,Wj) = for i G Z",^ G Z'. 



e€[0,4p] 



Thus, E ee [o,4p]» n e/(«-J+ e ) = for z G Z",j G Z' and E ee [o,4p]» n e f(h + e) = 
for h G Z". Combining this with Eeefo 4pl" n e4>p{h + e) = for /i G Z", see 2.4(a), 
we deduce E e e[o 4pl" n ef'(h + e) = for /i G Z". We show that /'(/i) = for 
/i > 2p — 1 by induction on h. For /i = 2p — 1 this is already known. Now assume 
that h>2p+l. We have EeG[o,4 P ]" n ef'(h + e - Ap) = 0. If e G [0, Ap - 2]" we 
have h + e — Ap G [— 2p + 1, h — 2] hence /'(/i + e — 4p) = and the sum over 
e becomes n^ p f'{h) = so that f'(h) = 0. This completes the induction. We 
now show that f'(h) = for h < —2p + 1 by descending induction on h. For 
h = — 2p + 1 this is known. Now assume that h < — 2p — 1. If e G [2, 4p]" we have 
/i+e G [/i+2, 2p — 1] hence f'(e+h) = and the equation Eeefo 4pl" n ef'(h+e) = 
becomes nof'(h) = so that /'(/i) = 0. This completes the descending induction 
and completes the proof of (a). 

2.7. We preserve the setup of 2.5. Let wbea nonzero vector in E such that 

(a) (w, Wi) = for i G [1, Ap - 3]'. 

Note that w is uniquely determined up to a nonzero scalar. Then Wi is defined for 
any i G Z as in 2.0; in particular, wo = u>, Wi = gw. We have 

(b) (Wi, wx) = for i G [2, 4p - 2]". 

Indeed, using 2. 0(a), (b) we have {wi.wi) = (w-i,W-i) = (u>o,«^_i) and this is 
zero since i-lG [1, Ap — 3]'. 

We show that (wo, w\) ^ 0. Let E\ be the span of {wf, i G [2, 4p — 2]"} and let 
E[ be the span of {w^, i G [1, Ap — 3]'}. The canonical pairing (, ) : E x E* — > k 
restricts to a nondegenerate pairing £i x £J -> k (by the formulas for (wi, Wj) in 
2.5). Since wq is in the annihilator of E[ in E, it follows that wq ^ Ei. Since u)i 
is in the annihilator of E\ in i?*, it follows that wo is not in the annihilator of w\ 
in E. The claim follows. 
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If w is replaced by aw with a G k*, then (w ,wi) is replaced by a 2 (wo,wi) 
which, for a suitable a, is equal to 1. Thus we can assume that 

(c) (w ,w 1 ) = l. 

Then wq is uniquely determined up to multiplication by ±1. We have 

*o = ^2 CiWi 

i€[0,4p-2]" 

where c, 6 k are uniquely determined. Since wq <£ E\ we see that c* := c^ v - 2 ^ 0. 
We set Ci = CiC~ l G k. Note that C4 P _2 = 1. We have the following result. 

(d) ^ = -(n + n 2 + --- + n t )ifie[0,2p- 2]", 

(e) Ci - (n + n 2 H h n 4p _ 2 -i) if z G [2p, Ap - 2]", 

(f) c* = ±2"P. 
We can rewrite (a) as follows. 

((*)) ^ c i p (i-/i) = Ofor/iee[l,4p-3] / . 

iS[0,4p-2]" 

If /i = 2p - 1 then (*) is c + 1 = 0. If h G [2p + 1, 4p - 3]' then (*) is 

^ Q(/) p (z - /i) = 0. 

iS[0,/i-2p+l]" 

If fte [l,2p-3]' then (*) is 

^2 Ci<j) p (i - h) = 0. 

i€[h+2p-l,4p-2]" 

To prove (d),(e) it is enough to show: 

(d') - J2 {n o + n 2 + --- + rii)(t> p {i-h) = 0ifhe[2p+l,4p-3}', 

ie[0,h-2p+l]" 

(e') ^ (n + n 2 + • • • + n 4 p_ 2 _i)0p(z - h) = if /i G [l,2p-3]'. 

ie[h+2p-l,4p-2}" 
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We rewrite equation (e') using i i— > 4p — 2 — i and h i— >■ 4p — 2 — /i as 

J^ (n + n 2 H + 7ii)0p(/i - i) = if ft 6 [2p + 1, 4p - 3]' 

iE[0,h-2p+l]" 

which is the same as (d'). Thus it is enough to prove (d'). We argue by induction 
on h. If h = 2p + 1, equation (d') is 

n (f) p (-2p - 1) + (n + n 2 )(j) p (-2p + 1) = 

that is — (2p + 1) + (1 + 2p) = 0, which is correct. If h > 2p + 3 we have 

^ niXh-i-2 P +i = 

iS[0,/i-2p+l]" 

since h — 2p + 1 > 4. Hence in this case (d') is equivalent to 

^ (n + n 2 -\ Yni- 2 )<\> v {i - h) = 

ie[2,h-2 P +i]" 

which is the same as equation (d') with h replaced by h — 2 (this holds by the 
induction hypothesis). This proves (d),(e). 
The equation (wo, Wi) — 1 can be written as 

1 = (wo, ^ c i w i+l) — (W0,CAp-2WAp-l) 

iS[0,4p-2]" 

that is, 

(g) 1 = C*(w ,W4p-l). 



We deduce that 



that is, 



1 = C* ^^ Ci(Wi,W4 p -i) 

i€[0,4p-2]" 



c* 2 = JZ Cj0p(4p-l-i). 

i€[0,4p-2]" 

We have 4p — i — 1 > — 2p + 3 hence we can assume 4p — i — 1 >2p — 1. Thus 
c~ 2 = J^ Ci0 p (4p-l-i) 

i€[0,2p]" 

= - ^2 ( n o + n 2 -\ h rii)(f)p(4p - 1 - i) + n + n 2 H h n 2p -2 

i€[0,2p-2]" 

= - ^ («o + «2 H h ni)x 2p -i + n + n 2 H hn 2p -2- 

i€[0,2p-2]" 
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Thus, 

c~ 2 = - ^ n i x J +n + n 2 ^ h n 2p - 2 

i6N" ,je'N";i+j<2p,j>2 

= - ^2 niX i + ^2 ^i + (n + n 2 -\ h n 2p -2) 

ieN",j6N";i+j<2p ieN";i<2p 

= - ^ ^ riiXj + ^2 ni + (n + n 2 ^ \- n 2p - 2 ) 

ke[0,2p]" i6N",j6N";i+j=fc ieN";i<2p 

= - ^ ^2 UiX i + S ni + (n + n 2 ^ \- n 2p _ 2 ) 

ke[0,2p]";k=0,2ie'N",je'N";i+j=k ieN";i<2p 

= -1 + n x 2 + n 2 x + ^2 rii + (n + n 2 -\ h n 2p - 2 ) 

i6N";i<2p 

= -1 - (n 2 + l) + n 2 + 22 ni + (n + n 2 -\ \- n 2p - 2 ) 

i6N";i<2p 

= ^2 n t + (n + n 2 ^ \- n 2p _ 2 ) 

ieN";i<2p 

= n + n 2 -\ h n 2p + n 2p+2 -\ \- n 4p = 2 2p . 

Thus c~ 2 = 2 2p and (f) follows. 

If w is replaced by — w then c* is changed into — c*. Hence w can be chosen 
uniquely so that 

(f) c, = 2-p. 

2.8. We preserve the setup of 2.5. For /i G Z' we show 

(a) (%,%) = (-l) (/l+1)/2 2 p (/i - l)(/i - 3) . . . (h - Ap + 3)(4p - 2)!!" 1 G 2Z. 
We have (wo, w/i) = J2ie\o 4p-2l" c i4>pi}~h). Since q = 2 _p Ci it is enough to prove 

(b) J2 c l (-l) {h+1)/2 <p p (i-h) = 2 2p (h-l)(h-3)...(h-4p+3)(4p-2)\r 1 . 

iE[0,4p-2]" 

It is also enough to prove this equality in Z. For fixed i, (—l)^ h+1 ^ 2 4> p (i — h) is a 
polynomial in /i with rational coefficients of degree < 2p — 1. Hence the left hand 
side of (b) is a polynomial in h with rational coefficients of degree < 2p — 1. Since 
(wq, Wh) = for h G [1, 4p — 3]', this polynomial is zero for h G [1, Ap — 3]' (that is 
for 2p — 1 values of /i). It follows that 

(_^(h+i)/2 J2 c i( f) p (i-h) = a(h-l)(h-3)...(h-4p + 3) 

i€[0,4p-2]" 
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for some rational number a. (The left hand side is (— l)( h+1 >' 2 2 p (wo, w^).) For 
h = 4p — 1 we have (wo,Wh) = c" 1 = 2 P , see 2.7(g), hence 

2 2p = a(4p - 2)(4p - 4) . . .2 = a(4 - 2)!! 
that is, a = 2 2p (4p — 2)!! _1 . It remains to show that 

(_l)(^-i)/2 2 p(/i _ i)(/i _ 3) . . . (h _ 4 p + 3 )(4p _ 2)!!" 1 e 2Z. 
Setting h = 2s + 1 it is enough to show that 

2 p (2s + 1 - l)(2s + 1 - 3) . . . (2s + 1 - 4p + 3)(4p - 2)!!" 1 e 2Z 

or that 

2 p s(s + l)...(s-2p + 2)(2p- l)!" 1 6 2Z. 

This is obvious since p > 1. 

2.9. We preserve the setup of 2.5. We will show: 

(a) (wo, w h ) = J2 22k ~ 2 Mh) ekforhe Z'; 

fce[i,p] 

(b) (*o, «)fc) = 1 if h E [-2p + 1, 2p - 1]'; 

(c) («; ,* 2 p+i) = l-2 2p . 
We prove (a). We have 

(w ,w h )= J2 Ci(w ,w i+h )= Yl (-l) (l+/l+1)/2 Q2P(z + /i-l) 

i€[0,4p-2]" i6[0,4p-2]" 

(d) 

x (i + /* - 3) . . . (i + /* - 4p + 3) x (4p - 2)!! _1 . 

Thus, (a) would follow from the equality 

J2 {-l) l,2 c t {i + h - l)(i + h - 3) . . . (i + h - 4p + 3)(4p - 2)\r 1 

i6[0,4p-2]" 

(e) 

= J2 (-l) {h+1)/2 2 2k - 2 Mh) 
fce[i,p] 
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in k. It is enough to prove that (e) holds in Z. We will do that assuming that (b) 
holds. Let F p (h) be the left hand side of (e). It can be viewed as a polynomial 
with rational coefficients in h of degree < 2p — 1 in which the coefficient of h 2p ~ l 
is 

(4P-2)!!" 1 Y, ^(-I)-*/ 2 

i€[0,4p-2]" 

= -(Ap - 2)!!" 1 J2 (no + n 2 + --- + n t )(-iy/ 2 

iE[0,2p-2]" 

+ (Ap - 2)!!" 1 J2 (n + n 2 + --- + n 4p - 2 - J )(-l) l/2 

iE[2p,4p-2]" 

= -(Ap - 2)!!" 1 J2 (no + n 2 + --- + rn)(-lf 2 

iE[0,2p-2]" 

+ (Ap - 2)!!" 1 J2 (no+n 2 + --- + ^)(-l) (4p-2 ~* )/2 

ie[0,2p-2]" 

= -2(Ap - 2)!!" 1 J2 (no + n 2 + --- + n,)(-l) l/2 

ie[0,2p-2]" 

= -2(Ap - 2)!!- 1 (-l) p - 1 (n 2p - 2 + n 2p - 6 + n 2p - 10 + ...) 

= -2(Ap - 2)!!" 1 (-l) p - 1 2 2p - 2 

= (-l) p 2 2p - 1 (Ap - 2)\r 1 = (-l) p (2p - I)!" 1 . 

Thus, 

F p (h) = (-l) p (2p - l)\- 1 h 2p - 1 + lower powers of h. 

Note that F p (—h) = —F p (h) for h G Z'. An equivalent statement is that 
(-l)(»+i)/Vo,%) = -(-l)(- h+1) / 2 (wo,w. h ) 

which follows from (w , Wh) = (wo, W-h), see 2.0. It follows that F p (—h) = —F p (h) 
as polynomials in h. Specializing this for h = we see that 

(g) ^(0) = 0. 

In the case where p = 1, from (f),(g) we see that F\(h) = —h so that (e) holds 
in this case (we have (— lp h+1 >' 2 (j)i(h) = —h). We now assume that p > 2. Now 
F p — F p -i is a polynomial of degree 2p — 1 in h whose value at h G [— 2p + 3, 2p — 3]' 
is (— l)( /l + 1 )/ 2 — (— i)(' l + 1 )/ 2 = o (we use (b) for p and p — 1) and whose value at 
is (see (e)); moreover the coefficient of h 2p ~ 1 in F p — F p _i is (— l) p (2p — 1)! _1 
(see (f)). It follows that F p -F p _i = (-l) (/l+1 )/ 2 2 2p - 2 (/)p(/i). From this we see by 
induction on p that (e) holds. 
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It remains to prove (b),(c). To prove (b) we can assume that h > 1 (we use that 
(wo,Wh) = (wO)W-h), see 2.0). Thus it is enough to prove (b) for h G [l,2p— 1]' 
and (c). If h — 1, (b) holds by the definition of wq. Assume now that h G [3, 2p+l]'. 
In the right hand side of (e) the sum over i can be restricted to those i such that 
i + h <£ {1, 3, . . . , 4p — 3} hence such that % + h > 4p — 1; for such i we have 
i > 4p — 1 — h > (4p — 1) — (2p + 1) hence i > 2p — 2. Moreover, if i = 2p — 2, then 
we must have h — 2p+ 1. Thus we have 

(«io, %) = (-i)^ 1 )/ 2 Yl (-i)' /2 *(< + ^ - 1) 

i£[4p-l-/i,4p-2]" 

x (i + h - 3) . . . (i + h - 4p + 3)(4p - 2)!!" 1 

= (-1)W 2 £ ("ir /2 K + n 2 + • • • + n 4p _ 2 _,) 

ie[4p-l-ft,4p-2]";i>2p 

x (i + ft - l)(i + ft - 3) . . . (i + ft - 4p + 3)(4p - 2)!!" 1 

- (-l)^ +1 )/ 2 ^, 2p+1 (-l)^- 2 )/ 2 (n + n 2 + ... + n 2p _ 2 ) 

= (_i)(fc+D/2 £ (-l) i/2 K + n 2 + • ■ ■ + n 4p _ 2 _,) 

i€[4p-l-/i,4p-2]" 

x (i + ft - l)(i + ft - 3) . . . (i Hh ft - 4p + 3)(4p - 2)!!" 1 

- {-iy +1 8 h , 2p+1 {-iy-\n G + n 2 + ■ ■ ■ + n 2p ) 

- (-l)P +1 ^, 2p+ i(-l) p - 1 (n + n 2 + • • • + n 2p _ 2 ) 

= a; - ^, 2p +i(n + n 2 H h n 2p + n + n 2 H h n 2p _ 2 ) 

= a; - Sh,2 P +i(no + n 2 -\ \- n 2p + n 2p+2 H h n 4p ) 

= a; - <5/ l ,2p+i2 2p 
where 

x = (_i)(h+i)/2 ^ (-l) i/2 (^o + n 2 + • • • + n 4p _ 2 _.) 

i€[4p-l-/i,4p-2]" 

x (i + ft - l)(i + ft - 3) . . . (i + h - 4p + 3)(4p - 2)!! _1 . 
It remains to show that x = 1. Setting ft = 2ft' + 1, i — 4p — 2 — 2%' we have 

x= J2 (-±f +h '(n + n 2 + --- + n 2l/ ) 
i'e[o,h>] 

x(2p-i + ti -l){2p-i + ti -2)...(ti -i + l)(2p - l)!" 1 
5^ (-l) u (n + ?i 2 + ... + ?i 2i /)r u 

i'>0,u>0;i'+M=/i' 

where r M = (u + l)(u + 2)...(u + 2p - l)/(2p - 1)!. Note that 

^ (-l)V 2i r e = 5 e , 

i>0,ii>0;i+u=e 
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for any e G N. Hence 

x = E (-lf +J+r n 2j r u 

i'>0,j>0,r>0,u>0;i'=j+r,i'+u=h' 

= E (- 1 )"' +r E i-^^ru 

re[0,h'] j,u>0;j+u=h' — r 

= E (-l) ft#+r ^-r = (-l) h ' +h ' = I- 

re[0,/i'] 

This completes the proof of (a),(b),(c). 

2.10. We fix two integers p± , p 2 such that pi > p 2 > 1. Let V', V" be two k-vector 
spaces of dimension 2pi,2p 2 — 2 respectively and let V = V © V". We identify 
V* = V'* © V"* in the obvious way. Let (, ) : V x V* — » k be the obvious pairing. 
Assume that V has a given basis {zf,i G [0, 4pi — 2]"} and that V" has a given 
basis {fiji G [0,4p 2 — 6]"}. There is a unique basis {^; i G [l,4pi — 1]'} of V* 
and a unique basis {vf, i G [1, 4p 2 — 5]'} of V"* such that 

(zi, Zj ) = $ Pl (i-j) for z G [0,4 P1 - 2]", j G [l,4pi - 1]', 

(ut,Uj) = (f>pa-i(i-j) for z G [0,4p 2 -6]",j G [l,4p 2 -5]'. 

(Notation of 2.4; the basis of V" and V"* is empty when p 2 = 1-) We define 

g G Gy by gzi = Zi + i for z G [0, 4pi — 2]", gvi = Vi + i for z G [0, 4p 2 — 6]". We have 

g* 2 (zi) = z l+2 for z G [0,4pi - 4], g* 2 (vi) = v l+2 for z G [0, 4p 2 - 8], 

(g* 2 + l) 2pi = on V', (g* 2 + l) 2p2 ~ 2 = on V". 

(See 2.5). Hence — g* 2 acts on V as a single unipotent Jordan block of size 2pi 
and on y" as a single unipotent Jordan block of size 2p 2 — 2. (When p 2 = 1, 
-#* 2 = on V" = 0.) 

For i G Z we write ^ instead of (zo)i ( as m 2.0); when p 2 > 2 we write Vi 
instead of (fo)i- This agrees with our earlier notation for zi when i G [0, 4pi — 1] 
and Vi for i G [0, 4p 2 — 5]. We have 

(zi,Zj) = (p Pl (i-j) for z G Z", j G Z'; 

(vi,Vj) = 4> P2 -i{i - j) for i G Z", j G Z' (assuming p 2 > 2). 
(See 2.6(a).) If p 2 > 2 we clearly we have 

(zi, Vj) = 0, (v^ Zj) = for i G Z", j G Z'. 

As in 2.7, 2.8, there is a unique vector z G V' such that for any /i G Z' we have 

(5 , z h ) = 2^(-l)^ +1 )/ 2 (/i - l)(/z - 3) . . . (h - 4 P1 + 3)(4 Pl - 2)!!" 1 , 
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Similarly if p 2 > 2, there is a unique vector v G V" such that for any h G Z' we 
have 

(So, v/0 = 2^" 1 (-l)^+ 1 )/ 2 (/i - l)(h - 3)...(h - Ap 2 + 7)(Ap 2 - 6)!!" 1 . 

(Notation of 2.0.) If p 2 — 1 we set u$ = for all i G Z. As in 2.9, we have 

(a) (**>,*/>) = E 22 *"VfcW, 

fee[i,Pi] 

(b) (€o,t;fc)= £ 2 2fc - 2 ^(/i), (ifpa>2), 

fce[i,p 2 -i] 

(c) (z ,z h ) = lifhe[-2p 1 + l,2p 1 -l}'; (5 ,5 2pi+ i) = l-2 2pi , 

(d) {vo,v h ) = lifhe[-2p2 + 3,2p 2 -Z}'; (v , v 2p2 -i) = 1 -2 2p2 " 2 (if p 2 > 2). 
Let C G k be such that ( 2 = — 1. We set 

£ = 2 -^ +1 S_ 2p2 + 2-^ +1 CSo G V. 

Let h G Z'. We show: 

(Co, *h) = 2^-^+ 1 (-l)( h+2 ^+ 1 )/ 2 (/i + 2p 2 - l)(h + 2p 2 - 3) . . . 
x (/i + 2p 2 - 4pi + 3)(4pi - 2)!!" 1 G 2Z. 

Indeed, 

(&,*/>) =2"^ +1 (5_ 2p2 ,^) =2-^ +1 (5o,^ 2+ /,) =2-^+ 1 2^(-l)^+ h + 1 )/ 2 
x (2p 2 + /i - l)(2pa + h - 3) . . . (2p 2 + h-4 Pl + 3)(4 Pl - 2)!!" 1 , 

as desired. In particular we have 

(£o,z fc ) = if h G [1 - 2p 2l Api - 2p 2 - 3]'. 

Let /i G Z'. From the definitions we have (£o,£/i) — 2 _2p2+2 ((5o, Zh) — (vo,Vh))- 
From this we deduce using (a)-(d) that 

(£o,a)= £ ^-^(^GZfor^Z', 
ke\p2,pi] 

(Co, ^ = if ft G [-2p2 + 3, 2p 2 - 3]'; (Co, 6 P2 -i) = 1- 

It follows that, if L is the line in V spanned by zq, L' is the line in V spanned 
by £ and a* = (0, 0, 0, . . . ), 6* = (2 Pl , 2p 2 - 2, 0, . . . ), then (g, L, L') G C£ >6 , ; in 

particular, C^ b ^ 0- 
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2.11. Let pi,P2 be integers such that p\ > p 2 > 1. We consider a k-vector space 
V of dimension 2pi + 2p2 — 2 with a given bilinear form g G G v such that (with 
notation of 2.0) — g* 2 G Gy is unipotent with a single Jordan block of size 2p\ 
(if p2 = 1) or with two Jordan blocks, one of size 2p\ and one of size 2p2 — 2 (if 
P2 > 2). We assume given two vectors z,£ in V such that (with notation of 2.0), 
setting for h G Z': 

a/, = (zi, ^), /9 fc = (6, £?), 7/» = (6, Zj) where i G Z", j eZ',h = j- i, 

we have 

a h = if h e [-2pi + 3, 2pi - 3]', a 2pi -i = 1, 

P h = if ft G [-2p 2 + 3, 2p 2 - 3]', /3 2p2 _! = 1, 

7h = if ft G [1 - 2p 2 , 4 Pl - 2p 2 - 3]'. 

We show: 

(a) j4/£er possibly replacing £ fry — £, i/ie following equalities hold for any h G Z': 

foij Q!/! = Pl (/i) G Z, 

(*g; & = E fc6[P2 , Pl] 2 2k - 2p *Mh) EZforhe Z', 

(aS) <y h = 2P!-p 2+1 (-1) (fc+2p 2 +i)/2(^ + 2p2 _ i)(/i + 2p 2 - 3) . . . (h + 2p 2 - 4 Pl + 
3)(4pi-2)!!" 1 G2Z. 

{<p p as in 2.4.) We prove (al). If \h\ < 2p\ — 1, then (al) is clear. Thus we can 
assume that \h\ > 2p\ + 1. Since ah = a_^ we can also assume that h > 1 (hence 
h > 2pi + 1). We must only prove that 

(b) a h = x h - 2pi +i if h > 2px - 1 is odd, 

where x e is as in 2.4 (with p = pi). We have (g* 2 + l) 2pi = on V hence applying 
to 2 , we haveE i6 [o, 2pi ] r j^2j = where r 7 - = ( 2pi ). Taking (,z 2pi+2s _i) we get 
Y.j>o r j a 2 P i+2s-i-2j = 0. The coefficient of T s (s G N) in 

is 

*. = £ r 3 *2 Vl -^2 S -2r 
je[o,s] 

If s > 2,j > s,j < 2pi, we have a 2pi _i +2s _ 2 j = since 2p±—3 > 2p\ — l-\-2s—2j > 
-2pi + 3; hence k s = J2j>o r j a 2pi-i+2s-2j for s > 2. We have 

ro«2 Pl +i + ria 2pi _i + r 2pi a_ 2pi+ i = 

hence ct 2pi +i = — (2pi + 1) and 

fci = r a 2pi+ i + ria 2pi _i = -1. 
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Also k = 1. Thus J2 s >o k sT s = 1 - T. The left hand side is 

(£r^)(J> 2pi _ 1+2u :n- 

Thus E«>o "2^-1+2^ = (1 - T)(l + T)- 2 ^ 1 . On the other hand from the 
definition "of x 2u we have J2 u >o x ^T u = (1 - T)(l + T)" 2pi . This proves (b) 
hence (al). 

Note that 

(c) {zf, i G [0, 4pi - 4]"}) together with {&; i G [0, 4p 2 - 4]"} form a basis of V. 

2.12. We show: 

(a) {z2i]i G [0,2pi — 1]} are linearly independent. 

Assume that this is not true. Then z^ Px - 2 G £", the span of {zf, i G [0, 4pi — 4]"}) 
hence i? is (7* 2 -stable and the annihilator (gE) 1 - of g-E in V is (7* 2 -stable. For 
% G [0, 2pi — 2] we have (^2 P2 ? z 2i+i) = hence ^2 P2 e (9^) ± - Since (gE) 1 - is 
g* 2 -stable we see that & G (gE) 1 - for all z G Z" . Thus £", the span of {&,i G 
[0, 4^2 — 4]"}, is contained in (gE)- 1 . Now E' has dimension 2p 2 — 1 which is the 
same as dim^i?)- 1 -. Hence E' = (gE)-*-. Since V = E @ E' (see 2.11(c)) we see 
that V = E © (gE) 1 - with both summands (7* 2 -stable. Now — g* 2 acts on i? as a 
single Jordan block of size 2pi — 1. Thus — g* 2 : V — > V has a Jordan block of size 
2pi — 1. This contradicts the assumption that the Jordan blocks of — g* 2 : V — > V 
have even sizes. This proves (a). 

We set A = g* 2 + l,e = pi-p 2 . Let £ be the span of {N l z ; i G [2p 2 — l, 2pi — 1]} 
or equivalently the span of {A 2p2_1 ^; i G [0, 4e]"}. We show that 

(b) dim£ = 2e+l. 

Let £ be the span of {N l zo;i G [2p 2 — 1, 2pi — 2]}. We have dim£' = 2e since 
{A*^o; i G [0, 2pi — 2]} is a linearly independent set. If (b) is false we would have 
A 2 ? 1 " 1 ^ G £'. Then the span of {A^ ;z e [0, 2pi - 2]} is A-stable. Hence the 
span of {g*( 2l ^zo;i G [0, 2pi — 2]} is g* 2 -stah\e. This contradicts the proof of (a). 
We show: 

(c) A 2 ^" 1 ^ e £. 

From the structure of Jordan blocks of A : V — > V we see that dim N 2p2 ~ 1 V = 
2e + 1. Clearly, £ C A 2 ^" 1 "!/. Hence using (b) it follows that C = A 2 ? 2 " 1 "^ so 
that (c) holds. 

Using (c) we deduce 

(d) A 2 ^-%= J2 C 2^ 2P2_1 ^ 

i€[0,2e] 

where c 2 i G k (i G [0,2e]) are uniquely determined. 

2.13. For j G N we set m, = ( 2p2_1 ) so that JV 2 ? 2 " 1 = J2 j& [o,2p 2 -i] m^*^. 
;duce 



From 2.13(d) we deduce 



(a) 2_^ rrij&j = 2^ c 2i mjZ 2i+2 j. 

je[o,2 P2 -i] ie[o,2e},je[o,2 P2 -i] 
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Taking (,z u ) with « 6 Z' we deduce 

(b) ^2 m j1u-2j = ^2 c 2i mja u -2i-2j- 

je[0,2p 2 -l] ie[0,2e],j6[0,2p 2 -l] 

We show: 

(cl) If u G [2p 2 - 1, 4pi - 2p 2 - 3]' then the left hand side of (b) is 0. 

(c2) If u — 4pi — 2p2 — 1 then the left hand side of (b) is 74 Pl -2p 2 -i- 
For (cl) it is enough to show: if u is as in (cl) and j G [0, 2p2 — 1] then u — 2j+2p2 G 
[l,4pi — 3]. Indeed we have 

u-2j + 2p 2 < 4pi - 2p 2 - 3 + 2p 2 = 4pi - 3 

and 

« - 2j + 2p 2 > 2p 2 - 1 - 4p 2 + 2 + 2p 2 = 1. 

For (c2) it is enough to show: if j 6 [1, 2p 2 — 1] then 4pi — 2p 2 — 1 — 2j + 2p 2 G 
[1, 4pi - 3] or that 4p t - 1 - 2j G [1, 4pi - 3]. This is clear. 

If u G [2^2 — 1, 2pi — 3]' then in the right hand side of (b) we have u — 2i — 2j < 
2pi — 1; we can assume then that u — 2% — 2j < —2p\ + 1 hence 

2% > u - 2j + 2pi - 1 > 2p 2 - 1 - (4p 2 - 2) + 2pi - 1 = 2e 
and i > e. Thus in this case (b) becomes (using (cl) and setting u = 2p\ — 1 — 2t): 

/ J C2imja2 pi -l-2t-2i-2j 

ie[e,2e],je[0,2p 2 -l] 

for t G [l,e]. Setting c' h = c<± e -h for h G [0, 2e]" and with the change of variable 
j i— ?■ 2p2 — 1 — j, i i— ?■ 2e — i we obtain 

(d) J^ c 2i m J o;_2p 1 +i-2t+2i+2j = for t G [l,e]. 

ie[0,e],je[0,2p 2 -l] 

In the last sum we have — 2p± + 1 — t + 2i + 2j < 2p\ — 1. Indeed, we have 

-2pi + 1 - 2t + 2z + 2j < -2pi - 1 + 2pi - 2p 2 + 4p 2 - 2 = 2p 2 - 3 < 2pi - 1. 

Hence we can restrict the sum to indices such that —2pi + l — 2t+2i+2j < — 2pi + l 
that is — t + i + j — —2s where s > 0. Thus we have 

^ c 2i mja-2p 1+ i-2 S = for t G [1, e]. 

*£[0,e],j>0,s>0,i+j+s=t 
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Hence 

( 2_. c 2i^)(/, m j^ J )(/, Q; -2pi+i-s^ s ) = c o + terms of degree > e in T. 

i€[0,e] J>0 s>0 

Using results in 2.11 this can be written as 

{J2 c / 2 i Tl )( 1 + T ) 2p2_1 ( 1 - T )( 1 + T )" 2pi =c' + terms of degree > e in T 

ie[0,e] 

that is, 

( J2 c 2i Ti )(! + T)" 26 "^! - T) = Co + terms of degree > e in T, 

i€[0,e] 

hence 

J2 c 2i Tt = (1 - T) _1 (l + T) 2e+1 (c + terms of degree > e in T). 

i€[0,e] 

We have (1 + T) 2e+1 = £ je[0)2e+1] ^ where h = C'f 1 )- Hence 

(1 - r) _1 (l + T) 2e+1 = ^ (/ + /i + • • • + /j)T J + terms of degree > e in T. 

je[o,e] 

We see that 

(e) c' 2t = c (/ + h + ■ ■ ■ + k) for i e [0, e]. 
In the remainder of this subsection we assume that e > 0. If u — 2p\ — 1 then in 
the right hand side of (b) we have u — 1% — 2j e [— 2pi + 1, 2pi — 1]; we can then 
assume that u — 2i — 2j is — 2pi + 1 or 2pi — 1. Hence i + j is 2pi — 1 or and (i, j) 
is (2e, 2p 2 — 1) or (0, 0). Thus in this case (b) becomes (using (cl)) cq + c± e = 
that is Co = — c' . (The left hand side of (b) is by (cl); here we use that e > 0.) 

If u E [2pi + l,4pi — 2p2 — 3]' then in the right hand side of (b) we have 
u — 2% — 2j > —2pi + 1; we can then assume that u — 2% — 2j > 2p\ — 1 hence 

2% < u - 2j - 2p x + 1 < 4pi - 2p 2 - 3 - 2 Pl + 1 = 2e - 2 

and i < e — 1. Using this and (cl) we see that (b) becomes (setting u = 2pi — l+2t): 

^ c 2 im j a 2 p 1 -i + 2t-2i-2j = for t E [1, e - 1]. 

ie[0,e-l],je[0,2p 2 -l] 

Note that in the sum we have 2pi — 1 + 2t — 2% — 2j > —2pi + 1. (Indeed we have 
2 Pl -l + 2t-2i- 2j > 2pi + 1 - 2pi + 2p 2 + 2 - Ap 2 + 2 = -2p 2 + 5 > -2 Pl + 1.) 
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Hence we can restrict the sum to indices such that 2pi — 1 + 2t — 2i — 2j > 2pi — 1 
that is 2pi — 1 + 2t — 2% — 2j — 2p\ — 1 + 2s where s > 0. Thus we have 

^ c 2 imja2 Pl -i+2s = for t G [1, e - 1]. 

ie[0,e-l],j>0,s>0;i+s+j=t 

For such t we have also 

^ c 2i m j a- 2pi +i-2s = 

ie[0,e-l],j>0,s>0;i+s+j=t 

as we have seen earlier; the index i cannot take the value e since i < t. Adding 
the last two equations and using a 2pi -i+ 2s = «-2 Pl +i-2s we obtain 

(*) ^2 {c2i + c' 2 i)m j a-2p 1 +i-2s = for t e [l,e- 1]. 

iE[0,e-l],j>0,s>0;i+s+j=t 

We show that C2i + c' 2i = for z G [0, e — 1]. For i = this is already known; the 
general case follows from (*) by induction on i. Using also (e), we see that 

(f) c 2l = -c' (l + h + ■ ■ ■ + k) for i E [0, e - 1]. 

(In the case where i — 0, this is just cq = —c' which is already known.) 
2.14. If u = 4pi - 2p 2 - 1, then using 2.13(b) and 2.13(c2) we have 

(a) 74 Pl _2 P2 -i = 2_^ c 2 irrija4 : p 1 - 2 p 2 -i- 2 i- 2 j . 

i6[0,2e],je[0,2p 2 -l] 

Taking (,£ 2p2 -i) w hh 2.13(a) we obtain 

/ J mj(32 P2 -l-2j = 2_^i C2imjl2i+2j-2 P2 + l- 

j'6[0,2p 2 -l] ie[0,2e],je[0,2p 2 -l] 

In the left hand side only the contribution of j = and j = 2p 2 — 1 is ^ 0; it is 1; 
in the right hand side we have 2% + 2j — 2p 2 + 1 > — 2p 2 + 1 hence we can assume 
that 2% + 2j — 2p 2 + 1 > 4pi — 2p 2 — 3, that is 2% + 2j > 4pi — 2; hence we have 
i = 2e,j = 2p 2 — 1 and the right hand side is C4 e 74 Pl _2p 2 -i- Thus 

(b) 2 = Co7 4pi -2p 2 -i- 
We see that c' Q ^ and using (a),(b) we have 

2c = 2_^ c 2 irrija4 : p 1 - 2 p 2 -i- 2 i- 2 j. 

ie[0,2e],je[0,2p 2 -l] 
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In the right hand side we have 4pi — 2p2 — 1 — 2i — 2j > —2pi + 1; we can assume 
then that either 4p± — 2p2 — 1 — 2i — 2j = —2p\ + 1 (hence i = 2e,j = 2p2 — 1) or 
4pi — 2p2 — 1 — 2% — 2j > 2pi — 1 (hence i < e). The first case can arise only if 
e = hence it is included in the second case. Thus 

(c) 2C0 -1 = ^2 C2im j a 4: p 1 -2 P 2-i-2i-2j ■ 

ie[o,e],je[o,2 P2 -i] 

Assume now that e > 0. From 2.13(d) with t = e we have 

(d) = 2_^ C2i m j' a -4pi+2p 2 + l+2i+2j- 

;e[0,e],jE[0,2p 2 -l] 

We now add (c) and (d) and use that C2i + c' 2i — if % E [0, e — 1] and c e = c' e . We 
get 

2c o _1 = 2 4 e Yl rn j a 2pi -i-2 j - 

je[o,2 P2 -i] 

If j G [1, 2p2 — 1] we have 2pi — 1 — 2j G [— 2pi + 3, 2pi — 3] hence a2 Pl -i-j = 0. 
Thus 2cq _1 = 2c' 2e = 2c' 2 2e and c' 2 = 2~ 2e . Changing if necessary £ by — £ we 
can therefore assume that 

(e) 4 = 2~\ 

Assume now that e = 0. We have c' = cq and (c) becomes 

2cq X = Y c m j a 2pi -i-2j 

je[o,2 P2 -i] 

that is, 2cq = 2cq hence Cq — 1. Changing if necessary £ by — £ we can therefore 
assume that cq — 1. Thus (e) holds without the assumption e > 0. 
Using (e) we rewrite 2.13(e), 2.13(f) as follows: 

(f) c 2e - t = 2" e (/ + h + ■ ■ ■ + k) for i e [0, e], 

(g) a = -2" e (/ + h + ■ ■ ■ + U) for i e [0, e - 1]. 

When Zi, £,i are replaced by the vectors with the same name in 2.10, the quantities 
C2i become the quantities c^. (Here % G [0, 2e].) We show that 

(h) c 2i = 4fori6[0,2e]. 

By the analogue of (b) we have 2 = c1 e ^2 Pl -2 P2 -i- By results in 2.10 we have 
l2 Pl -2 P2 -i = 2 e+1 . Hence c\ e = 2~ e . Using this and the analogues of 2.13(e), 
2.13(f) we see that c^ are given by the same formulas as C2i in (e),(f). This proves 
(h). 
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2.15. LetC = E i >o74 Pl -2 P2 -i + 2tT t ,c7 = E i >o74° Pl -2 P2 -i+2^ t . If « = 4 Pl - 
2p2 — 1 + 2£, t > then for any j that contributes to the left hand side of 2.13(b) 
we have u — 2j > —2p 2 + 1. Indeed, 

u - 2j > 4pi - 2p 2 - 1 - 2j > 4pi - 2p 2 - 1 - 4p 2 + 2 > -2p 2 + 1 

hence we can assume that in the left hand side of 2.13(b) we have u — 2j > 
4pi —2p2 — 1. Muliplying both sides of 2.13(b) with T* and summing over all t > 
we thus obtain 

/ , 2 / m j '-f4:p 1 -2p 2 -l+2t-2jT t 

t>0je[0,2 P2 -l];t-j>0 

= 2_^ Z_^ C2imjOt,± pi -2p 2 -l+2t-2i-2jT . 

t>0ie[0,2e],j6[0,2p 2 -l] 

The left hand side equals 

( J2 rn j T^){Y,l^-2 P2 -i + 2t'T t ') = (l + T^^C. 
je[o,2 P2 -i] t>>o 

Thus, 

C = (1 + T)- 2 ^ +1 J2 J2 c 2l m J a 4pi -2 P2 -i+2t-^-2jT t . 

t>0ie[0,2e],je[0,2 P2 -l] 

Similarly we have 

C° = (1 + T)- 2 ^ +1 J] £ 4m i at 1 -2 P2 -i +2t - 2i -2^ t . 

i>0 ie[0,2e],je[0,2p 2 -l] 

By 2.14(h) we have c 2 ^ = c^. By 2.11(al) we have 

«4 Pl -2p 2 -l+2t-2i-2j = OL Api _ 2p2 _ 1+2t _ 2i _ 2j 

for all i,j, t. It follows that C = C° hence 

(a) 7 4pi - 2p2 -i +2t = 74 P i-2 P2 -i+2t for any t > 0. 

We S et C = Et>o72 P2 -3-2tT t , C'° = Et>o7 2 ° P2 -3-2t^- K « = 2p 2 -3-2t,t > 0, 
then for any j that contributes to the left hand side of 2.13(b) we have u — 2j < 
4p\ — 2p2 — 3 (indeed, u — 2j < 2p 2 — 3 — 2j < 2p 2 — 3 < 4pi — 2p 2 — 3) hence we 
can assume that in the left hand side of 2.13(b) we have u — 2j< — 2p 2 — 1. With 
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the substitution j \— > 2p 2 — 1 — j the previous inequality becomes j — t < and 
the left hand side of 2.13(b) becomes 

/] "7,j7u-4p 2 +2+2j = 2-j m jl-2 P2 -l+2(j-t)- 

je[0,2 P2 -l] j6[0,2p 2 -l] 

Muliplying both sides of 2.13(b) with T l and summing over all t > we thus 
obtain 

Y^ rn j ^_ 2p2 - 1+ 2(j-t)T t = ^ Yl c 2i m J a 2p2 -3-2t-2i-2jT t . 

t>0,j>0;t-j>0 t>0 ie[0,2e],je[0,2 P2 -l] 

The left hand side equals 

( Y m i ri )(E^-^-i-^' Tt ') = (i+t^-'c. 

je[o,2 P2 -i] *'>o 



Thus, 



C = (1 +T)" 2 ^ +1 J2 E c 2i m J -a 2 p 2 _3-2t-2i-2 J -T*. 

i>0i6[0,2e],ie[0,2p 2 -l] 

Similarly we have 

c /o = (1 +T) -2 P2+ i £ J- c»m J a° p2 _ 3 _ 2( _ 2! _ 2j T i . 

*>0ie[0,2e],je[0,2p 2 -l] 

By 2.14(h) we have c 2 i = c 2i . By 2.11(al) we have 

«2p 2 -3-2t-2i-2j = a 2p2 -3- 2t - 2 i- 2 j 

for all z,j, t. It follows that C" = C'° hence 

(b) 72 P2 -3-2t = 72 P2 -3-2t for an y * > °- 

Clearly, (a),(b) imply 2.11(a3). 

2.16. We set B = E s >o^ P2 -i+2 S T s , B° = E s >o^2 P2 -i+2 S T s . Let t > 1. Tak- 
ing (,^2p 2 -i+2i) with 2.13(a) we obtain 

( a ) /_^ rn j^2 P 2-l+2t-2j = 2_^ C2imj72i+2j-2p 2 + l-2t- 

j6[0,2p 2 -l] ie[0,2e],je[0,2 P2 -l] 

For any j that contributes to the left hand side of (a) we have 2p 2 — 1 + It — 2j > 
—2p 2 + 3 (indeed, 2p 2 — l + 2t — 2j > 2p 2 + 1 — Ap 2 + 2 = —2p 2 + 3) hence we can 
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assume that in the left hand side of (a) we have 2p 2 — 1 + 2t — 2j > 2p2 — 1 that 
is t > j. Multiplying both sides of (a) by T* and summing over all t > 1, we thus 
obtain 

/ , / , m j l32 P2 -i+2t-2jT t 

t>i je[o,2 P2 -i]-t>j 

= 2 , / , c 2 im j 'y2i+2j-2 P 2+i-2tT . 

t>lie[0,2e],jel0,2p 2 -l] 

The left hand side equals 

-1 + ( Y, m J TJ )(H foto-i+vT*) = 1 + (T + if^B. 
je[o,2 P2 -i] t'>o 

Thus, 

B = (T + l) 2 ^- 1 ^ + ^ ]T c 2i m,-72 i + 2j -2p 2 +i-2tT t ). 

t>l ie[0,2e],je[0,2p 2 -l] 

Similarly we have 

S° = (T + l)^" 1 ^ + J] £ 4m j72 V 2j _ 2p2+1 - 2t T*). 

t>li6[0,2e],i6[0,2p 2 -l] 

By 2.14(h) we have c 2 ^ = c^. By 2.11(a3) we have 

— ^/0 
72i+2j-2p 2 +l-2t — 72i+2j-2p 2 + l-2t 

for any i,j,t. It follows that S = B . Hence 

/?2p 2 -l+2s = /5 2p2 _i +2s 

for any s > 0. This clearly implies 2.11(a2). 

2.17. We preserve the setup of 2.1. We prove 2.1(a) by induction on n. If n = 
we have V = and <ij = bi = Pi = for all i. We take g = and (L*) to be the 
empty set of lines. We obtain an element of C^ b • Now assume that n > 0. 

Assume first that a\ > 1. We can find a direct sum decomposition V = V @V" 
such that dim V' — ai + bi — 2p x - 1. We identify F* = V* © V'* in the obvious 
way. Let a'^ be the sequence oi,0,0, ...; let b'^ be the sequence &i,0, 0, ...; let 
a'l be the sequence a 2 , 03, . . . ; let 6" be the sequence 6 2 , 63, . . . . By the induction 
hypothesis we have C^' b „ ^ 0. By 2.3 we have C^/ b , ^ 0. Let (g'.L 1 ) e C^\ K 

and let (g" , L 2 , L 3 , . . . ) G CjT 6 ». Here #' G G^,, #" G G^„. Let g = g'@g" e G\. 

Clearly, (g, L 1 , L 2 , . . . ) G C^ b hence 2.1(a) holds in this case. Thus we may 
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assume that a\ — a^ — • ■ ■ — and b\ > 0. We see that — g* 2 is unipotent. We 
can find a direct sum decomposition V = V © V" such that dim V' = 61+62- We 
identify V* = V* © V" * in the obvious way. Let 6* be the sequence 61, 62, 0, ... ; 
let b'l be the sequence 63, 64, ... ; let a* = a" be the sequence 0, 0, ... . By the 
induction hypothesis we have C^,, b „ ^ 0. By 2.11 we have C^, h , ^ 0. Let 

(g',L\L 2 ) G C V <K and let (g", L 3 ', L\ . . . ) G <%" 6 „. Here o' G G%!, g" G G^„. 

Clearly, (g'(Bg", L 1 , L 2 , . . . ) G C^ b hence 2.1(a) holds in this case. This completes 
the proof of 2.1(a). 

In the following result we preserve the setup of 2.1. 

Proposition 2.18. Let (g,L l ,L 2 , . . . ,L CT ) G C^ K . Let (j) r be as in 2.4. There 
exist vectors z l G L l — {0} for t G [1, a] such that (i), (ii) below hold for i G Z", j G 
71. 

(i) Assume that t G [l,cr],a t > 0. Then (zj,Zj) = x\_, (x' h as in 2.2 with 

p = p t ); (zj,zt') = iff e[l,a],t' ^t. 

(ii) Assume that {t, t + 1} C [k + 1, cr], t — k + 1 mod 2 and a t = 0. Then 
(zj.zj) =(j) pt {i-j), 

(zj, zf 1 ) = 2P*-P*+i+ 1 (-l)(*-J+ 2 ^+ 1 )/ 2 (i - j + 2p t+1 -l)(i-j + 2jh +1 - 3) . . . 
x ( t -j + 2p t+1 -4p t + 3)(4p t -2)\r\ 

(zlzf) = if? e[l,<r],t' £{t,t+l}. 

We argue by induction on n. When n = the result is obvious. Now assume 
that n > 1. 

Case 1. Assume first that ai > 1. We have ai + 61 = 2pi — 1. Let V = 
®i£[Q,A Pl -A]"L\ C V. We show that 

(a) a*V = V. 

It is enough to show that g* 2 L\ pi _ A C V. Since g* l L\ G V for z G [0,4pi - 4]" 
and ai+bx = 2p 1 - 1 it is enough to show that (g* 2 - l) ai (g* 2 + l) bl Ll = 0. It is 
also enough to show that (g* 2 — l) ai (g* 2 + l) bl = on V. But this follows from 
the fact that q G CY h ■ 

Now let V" = ®te[2,a],i€[o,2p t -2]Ll C V. We show that 

(b) V" = (gV) 1 - , the annihilator of gV in V . Hence V" is g* 2 -stable and 

V = V'®(gV , ) ± - 

We have (L r 2pr ,L} +1 ) = for r G [2, a], i G [0,4 Pl - 4]". Thus L^ C {gV')^ ■ 

Since (pF') 1 " is 5 r * 2 -stable (we use (a) and 2.0(a)) it follows that L\ C (s^') 1 " for 
any i G Z", r G [2, a]. Thus V" C (yV) . But these two vector spaces have the 
same dimension so that V" = (gV) and (b) follows. 
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We identify V* = V'*@V"* in the obvious way. From (a),(b) we see that g G G v 
restricts to an isomorphism g' : V' — >■ V'* and to an isomorphism g" : V" — > V"* . 
We show: 

(c) g'* 2 restricted to the generalized 1-eigenspace of g'* 2 is unipotent with a 
single Jordan block of size a\; —g'* 2 restricted to the generalized {—!)- eigenspace 
of g'* 2 is unipotent with a single Jordan block of size b\ (if that eigenspace is 7^ 0). 
Moreover, g"* 2 restricted to the generalized 1-eigenspace of g"* 2 is unipotent with 
Jordan blocks of sizes given by the nonzero numbers in 02, «3, • • • ; —g"* 2 restricted 
to the generalized (— 1)- eigenspace of g"* 2 is unipotent with Jordan blocks of sizes 
given by the nonzero numbers in 62, 63, ... . 

As we have seen earlier we have (g* 2 — l) ai (g* 2 + l) bl — on V' (even on V). 
Also g'* 2 G GL(V') is regular in the sense of Steinberg and dim]/' = a\ + b\. This 
implies (c). 

Let a'^ be the sequence a±, 0, 0, . . . ; let b'^ be the sequence b±, 0, 0, ... ; let a" 
be the sequence 02, 03, ... ; let b" be the sequence 62, 63, ... . Now the proposition 
holds when (g, L 1 , L 2 , . . . ) is replaced by (g", L 2 , L 3 , . . . ) G C^,, b „ (by the induc- 
tion hypothesis) or by (#', L 1 ) G C^, b , (we choose any z 1 G L 1 — {0} such that 
(zj,Zj) = 1 for i G 7i",j G Z', \i — j\ = 2pi — 1 and we apply 2.3). Hence the 
proposition holds for (g, L 1 , L 2 , . . . ) (we use (b)). 

Case 2. Next we assume that k = 0, b\ > 0. Then a\ = a<i — ■ ■ • = 0. We have 
61 = 2pi, b 2 = 2p 2 - 2. Let V = ©te[i,2],*e[o,4 P t-4]"^< C V. We show that 

(d) #*V = V. 

Let A = g* 2 + 1. Then F = (Bte[i,a],ie[o,4pt-^]" A 1 / 2 Lq is a direct sum decompo- 
sition into lines. Now N 2p2 ~ 2 (V) contains the lines 

(*) N 2 ^- 2 +^I^Ll(i G [0,4pi -4p 2 ]") and A 2 ^" 2 L 2 
(whose number is 2pi — 2^2 + 2); moreover, since A has Jordan blocks of sizes 
61 = 2pi,&2 — 2^2 — 2 and others of size < 62 we see that dimA 2p2_2 (y) = 
2pi — 2p 2 + 2 so that N 2p2 ~ 2 (V) is equal to the subspace spanned by (*) and 
N 2p2 ~ 2 (V) C V. Now V is the subspace of V spanned by the lines N l L f Q with 
t G [1, 2], i G [0, 2p t - 2]. It is enough to show that NV C V or that A 2 ^" 1 ^ C 

V for t = 1,2. But for £ = 1,2 we have A 2 ^" 1 ^ C A 2 ? 2 " 2 ]/ C V since 
2pi - 2p 2 + 1 > 0. This proves (d). 

Let V" = ©te[3,(7],*€[o,4pt-4]"-k* C V. We show that 

(e) V" = (gV') , the annihilator of gV in V . Hence V" is g* 2 -stable and 

V = V'®(gV , ) ± - 

We have (L£ Pr ,L* +1 ) = for t G [l,2],r G [3, a], i G [0,4p t -A}". Thus L$ Pr C 

(^V)- 1 . Since (gV) 1 - is #* 2 -stable (we use (d) and 2.0(a)) it follows that L\ C 
(^y)- 1 - for any i G Z",r G [3, a]. Thus V" C (gV) . But these two vector spaces 
have the same dimension so that V" = (gV) 1 - and (e) follows. 
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We identify V* = V* © V"* in the obvious way. From (d),(e) we see that 
g : V — ¥ V* restricts to an isomorphism g' : V' —¥ V* and to an isomorphism 
g" : V" -¥V"*. We show: 

(f) — g'* 2 is unipotent with a single Jordan block of size b\ (if b<i = 0) or with 
two Jordan blocks of size 61,62 (if 02 > 0)- Moreover, —g"* 2 is unipotent with 
Jordan blocks of sizes given by the nonzero numbers in 63, 64, ... . 
Since V is the direct sum of the lines N { L^, t G [1, 2],z G [0,2p t - 2], and V 
is iV-stable, we see that the kernel of N : V' — ¥ V has dimension < 2. Hence 
N : V —¥ V has either a single Jordan block of size 2p\ + 2p2 — 2 = b\ + bi or two 
Jordan blocks of sizes b[ > b' 2 where b'± + b' 2 = bi + 62. In the first case we must 
have 62 = (since the Jordan blocks of N : V' — ¥ V' have sizes < b± (by (e)). In 
the second case, since b' x ,b' 2 must form a subsequence of b\ > 62 > 63 > . . . and 
b[ + b' 2 = bi + 62 it follows that b[ = b\, b' 2 = 62- This implies (f). This completes 
the proof. 

2.19. In the setup of 2.1, we show that 2.1(b) holds. We must show that 

(a) any two elements (g, L 1 , L 2 , . . . , L a ), (g', L n , L' 2 , . . . , L' a ) of C^ K are in 
the same Gy-orbit. 

Since Gy acts transitively on C^ b we can assume that g = g' . Let z* G L l 
(t G [l,o]) be as in 2.18. Let z n G L n (t G [l,o]) be the analogous vectors for 
(g, L n , L' 2 , . . . ) instead of (g, L 1 , L 2 , . . . ). By 2.18 we have 

(b) {z\4) = {z%z%) 

for any i G Z",j G Z' and any t,t' G [l,a]. Since {zj;t G [l,a],ie [0,4p t - 4]"} 
and {z'l;t G [l,o],z G [0, 4p t — 4]"} are bases of V (see 2.0(d)) we see that there 
is a unique 7 G GL(V) such that 'y(zj) = z'\ for any t G [1, cr], i G [0, 4p t — 4]. We 
show that 

(c) 7 (^ +1 ) = z n j+1 for any £ G [1, a], j G [0, Ap t -A}". 

It is enough to show that (z'\ ,z n j+l ) = {z'\ ,7(^+1)) that is, (z'| ,z n j+1 ) = 
(zj ,zjj +1 ) for any £,£' G [l,cr] and any i,j G [0,4pt — 4]". This follows from 
(b). From (c) we see that 7(0 (zj)) = 0(7(2!)) for any £ G [1, a],j G [0, 4^ — 4]". It 
follows that 7<7 = (77. From the definition it is clear that 7(£ t ) = £'* for £ G [1, a]. 
Thus (a) holds (with g' — g). This proves 2.1(b). 

2.20. In the setup of 2.1, we show that 2.1(c) holds. Let (g, L 1 , L 2 , . . . , L a ) G 
C% h and let i" be the set of all 7 G Gy such that 7<77 _1 = g, 7(£*) = L l for 
t G [l,a]. Let z l G L l (t G [l,o]) be as in 2.18. Let 7 G i". If t G [l,o] we have 
7(2*) = w^V where uj G k — {0}. Since 7 commutes with g* 2 , it follows that 
7(4) = Ut z l for * G z "- For l e t 1 ) °"]' i e z ' we have 

7(4) = 7(^(^-1)) = 0(7(^-1)) = g{ulA-i) = ^IA\ 
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thus, 7(2*) = u>]zj. For any t, t' G [l,cr], i G Z",j G Z' we have 

{zi^jz)) = (ziMz))) = h-Hzf),® = {^r\4^))- 

Thus, (w7 - K 7 ') -1 )(4'^j) = 0- Taking *' = t,i - j = 2p t - 1 we deduce that 
w t 7 -(w7)- 1 = hence uP t = ±1. Taking t' = t + 1 (where {£,£ + 1} C [fc + l,<r],£ = 
k + 1 mod 2, o t = 0) and using that 

(z{ +1 ,zj) = fc,^ 1 ) = ±2P*-p*+ 1+1 if j - i + 2pt+i = -1 

we see that (w 7 - (w7+i)~ 1 )2 p *- p * +1+1 = hence w7-(a# + i) _1 = and w? = w 7 +1 . 
We see that 7 1— >■ (a; 7 ) is a homomorphism ip : I —¥ I (notation of 2.0). Assume 
that 7 is in the kernel of ip. Then 7 restricts to the identity map 1} — ¥ L l for 
t G [l,cr]. Since 7 commutes with #* 2 it follows that 7 restricts to the identity 
map on each of the lines g* l L f (t G [l,cr], i G Z"). Since these lines generate V 
(see 2.0) we see that 7 = 1. Thus, ?/> is injective. Now let (a;*) G X. We define 
7 G GL(V) by 7(2*) = u) t z\ for £ G [1, cr], % G [0, 4p t — 4\". From the definitions we 
see that 

(a) {u t z\,u t iz t -) = (z\,z t -) 

for any i G Z",^ G Z' and any t, £' G [1, cr]. We show that 

(b) 7(4+i) = "tzi +1 for any te[l,cr],ie [0, 4p t - 4]". 

It is enough to show that (7(2* ),u>t2:| +1 ) = (zj ,zj +1 ) for any £' G [l,cr],j G 
[0,4p t / -4]" or that (ut'Z*- \ui t z\ +1 ) = (zf , zj +1 ) or that 

The second factor is zero unless either t = t' or t' = t + 1 (where {t, t + 1} C 
[k + l,a],t = k + 1 mod 2, at = 0) in which case the first factor is zero. This 
proves (b). 

From (b) we see that *j(g(z\)) = g(l(z\)) for any t G [1, cr],i G [0, Ap t — 4]". It 
follows that 7<7 = (77. From the definition it is clear that ^(L 1 ) = L l for t G [1, cr]. 
Thus 7 G I. We see that z/' is surjective hence an isomorphism. This proves 2.1(c). 

n n 

2.21. We now assume that n > 1. We denote by V^ (resp. V^*) the n-th exterior 

n n 

power of V (resp. V*); we have naturally V* = (V)*. Any 7 G GV induces an 
element 7 : V^ — > V; any (7 G 67 {/ induces an element g : y — )• V* . For any 

n n 

9 eV - {0} we denote by 6* the unique element in V* - {0} such that (6,6*) = 1. 
We show: 
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(a) For any g G Gy we have gg G SL(V). 
Let (ei) be a basis of V; let (e*) be the dual basis of V*. We have gei = £\. x^e*. 
c/e£ = *Y^ h ykh&h where X = (xij),Y = (yij) are square matrices. Now 



hi = (get, get) = (^y^e^^Zye*) = ^ 



VkhXih- 



Thus YX t = I where X f is the transpose of X. We have ggei = Ylj h x ijVjh e h- 
Thus the matrix of gg is XY. We have 

det(XY) = det(X) det(Y) = det(X t ) det(Y) = det(YX') = 1, 

as required. 

n 

We now fix 9 G V — {0} and we set 

T 1 = {g eG v ;g takes 9 to #*}. 



If g G r then, using (a), we see that g takes 6** to 9. We see that T := SL(V) U T 
is a subgroup of Gi/UG^. Let SL(V)' = {7 G G v ; det(7) = ±1}. 

We show: 

(b) Le£ <?,#' G Gy, 7 G Gy be such that 7<77 _1 = g' . If g,g' G T 1 then 
7 G SL(V)'. Conversely, ifgET 1 and 7 G SL(Vy then g'eT 1 . 

n 

Replacing V by V we can assume that n — 1. We have g9 = 9*, g'9 = 9* , 76* = a# 
where a G k - {0}. We have 6>* = 7#7 _1 (#) = ; yga~ 1 9 = ; ya~ 1 9* = a~ 2 9* hence 
a 2 = 1 and a = ±1 proving the first assertion of (b). The second assertion is 
proved similarly. 

2.22. Assuming that a\ > we show: 

(a) C^ b fl T 1 is a single 5'L(V)-conjugacy class in T. 
Let (?, g' G C v b fl T 1 . From Theorem 2.1(b) we see that 7<77 _1 = g' for some 
7 G Gy Using 2.21(b) we see that det(7) = ±1. If det(7) = 1 then g,g' are 
in the same SX(V)-conjugacy class, as required. Assume now that det(7) = — 1. 
We complete g to an element (g, L 1 , L 2 , . . . ) G C^ b and we write V = V © V", 
V* = V* © V"* as in the proof of 2.18 (Case l)*Let 70 G GL(V) be such that 
7o|v — ~L 70!^" — 1- Since dimV is odd we have det(7o) = — 1. We have 
7ofl'7o" 1 = g hence 77ofi , 7o~ 1 7 _1 = g' ■ We have 770 G SL(V) so that g,g' are in 
the same 5'L(V)-conjugacy class, as required. 

2.23. Assuming that a± = (hence 61 > 0) we show: 

(a) C^ b n T 1 is a union of two <S'L( V)-conjugacy classes in T. 
Let gr G C^ b fl r 1 . Let C(g) (resp. C'(g)) be the set of elements of the form 
7fi r 7 _1 = fi 1 ' f° r some 7 G Gy such that det(7) = 1 (resp. det(7) = —1). It is 
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clear that C(g) and C'(g) are SX(V)-conjugacy classes. As in the proof of 2.22 
we see, using 2.1(b) and 2.21(b), that C^ K n T 1 = C(g) U C'(g). It remains to 
prove that C(g) n C'(g) = 0. Assume that C(g) n C'(g) ^ 0. It follows that 
there exists 70 G Gy such that 7o<77o~ = g and satisfies det(7o) = — 1. Let g s 
be the semisimple part of g. Then 70 is in the centralizer of g s in Gy which is 
a symplectic group all of whose elements have necessarily determinant 1. This 
contradicts det(7o) = — 1. 

2.24. Let c be an 5L(V)-conjugacy class contained in C^ b fl T 1 . (See 2.22(a), 
2.23(a).) Let X be the set of all (g, L 1 , L 2 , . . . , L a ) E C^ K where gee. Note that 
1^0. Now SL{V)' acts on X by the restriction of the GV-action on C^ b (see 
2.21(b)). Using 2.1(b) and 2.21(b), we see that this SL(V) '-action is transitive. 
We now restrict this action to SL(V). 

We show: 

(a) This SL(V) -action is transitive. 
Let (g, L 1 , L 2 , . . . , L a ) e X, (g', L'\L' 2 , . . . , L" 7 ) G X. We must show that these 
two sequences are in the same SL(V)-orbit. As we have seen, we can find 7 G 
SL(V)' which conjugates (g,L\ L 2 , . . . , L a ) to (g', L'\ L /2 , . . . , L' a ). If 01 = 
this implies by the argument in 2.3 that det(7) = 1 so that in this case (a) holds. 
We can thus assume that 01 > 0. If det(7) = 1 then the proof is finished. We now 
assume that det(7) = — 1. Let 70 G Gy be as in 2.22. We have det(7o) = —1 and 
70 conjugates (g, L 1 , L 2 , . . . , L a ) to itself. Hence 770 conjugates (g, L 1 , L 2 , . . . , L a ) 
to (g', L'\ L /2 , . . . , L /(J ). We have 770 G SL{V). This proves (a). 

2.25. Assume that n > 3. As in [L5, §4] we see that 2.24(a) implies that Theorem 
0.3 holds for T instead of G. 

3. Exceptional groups 

3.1. In this section we assume that G = G° (as in 0.2) is simple of exceptional 
type. In the case where c is a distinguished unipotent class this follows from 
[L3] where it was proved by a reduction to a computer calculation. In the non- 
unipotent case the same method works but it uses instead of [LI, 1.2(c)], the more 
general formula [L6, 2.3(a)]. The needed computer calculation was actually done 
at the time of preparing [L6] . (I thank Frank Liibeck for providing to me tables 
of Green functions for groups of rank < 8 in GAP format. I also thank Gongqin 
Li for her help with programming in GAP to perform the computer calculation.) 
We will describe below the result in the form of a list of rows in each case; each 
row corresponds to an eD-elliptic eD-conjugacy class in W. For example, the row 

12;$2o;(EBM)E a ,(E 7 (a 2 )A 1 ) E7Al ,(J 11 J 5 ) Da 

in type Eg corresponds to the elliptic conjugacy class C in W such that the charac- 
teristic polynomial in the reflection representation of any w G C is the cyclotomic 
polynomial $20 and the length of any element in C m i n is dc = 12. The row 
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also includes the names of the three distinguished conjugacy classes c such that 
CJftc; for example, (E 7 (a 2 )J 2 )E 7 A 1 is the conjugacy class of su = us where s is 
a semisimple element with Zg(s)° of type E 7 A\ (in the subscript) and u is a 
unipotent element of Zg(s)° whose E 7 component is of type £7(02) (notation as 
in [LI, 4.3]) and whose Ai-component has a single Jordan block of size 2 in the 
standard representation of A\. On the other hand, {J\\J^)d b is the conjugacy 
class of su = us where s is a semisimple element with Zg{s)° of type D 8 and u 
is a unipotent element of Zg(s)° with Jordan blocks of sizes 11, 5 in the standard 
representation of D 8 . 
Type E 8 . 

8; $30; (Es)e 8 , (E 7 J 2 )e 7 a 1 , {EqJzjEqA^-, (^9^i^4)d 5 a 3 , (^5^5)^4^47 

{JqJzJ2)a s A 2 A 1 i {Jq)Asi {JsJ2)a 7 A 1 , {JlbJl)D S i 
10; $24; {Es{a\))E s i (E 7 (a 1 )J 2 )E 7 A 1 , (E 6 (ai)J3)E 6 A 2 , (<W3^4)d 5 A 3 , (^13^3)d 8 - 

12; $20; (E 8 (a 2 )) Es , {.E 7 (a 2 )J 2 ) E7 A 1 , (JiiJh)d s , 

14; $6*18! {E 7 A 1 ) Es , (E 7 (a 3 )J 2 )E 7 A 1 ,( J 9 J 7)Ds, 

16; $15; (D 8 )e 8 , {E 7 {a4)J2)E 7 A 1 , 

18;^ 14 ;(E 7 {a 1 )A 1 ) Ea , 

20; $? 2 ; (D 8 ( ai )) Es , (Jt^s^iK, 

22- ^ 12 -{E 7 {a 2 )A 1 ) Es ,{E 7 {a b )J 2 )E 7 A 1 , 

24^ 2 10 ;(A 8 )e 8 , 

28;$ 3 <$> 9 ;{D 8 {a 3 )) Ea , 

40;$ 4 6 ;(2A 4 ) Ea . 

Type E 7 . 

7; $2^18; {E 7 )e 7 -: {JiiJiJ2)d 6 a 1 , {JgJ^)a 5 a 2 -, {JaJ^2)a z a z a^-, {Js)a 7 -, 

9;$ 2 $i4;(£7(ai))s 7 ,((J 9 ^3)^i)D 6 A 1 , 

11; $2^6*12; (E 7 (a 2 )) Er , {JihJ2)D 6 A^ 

13; $ 2 $6$io; {D 6 A 1 )e 7 , 

17;$ 2 $4$ 8 ;(As(ai)^iK, 

2l-<$> 2 <$>l-{D & {a 2 )A 1 ) E7 . 

Type E 6 . 

6;$3$i 2 ; {Eq)e 6 , (J^J^AsAi, {HJ^J^A^A-iA-i-, 
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8;$ 9 ;(£ 6 (ai)) E6 , 

12;$ 3 ^;(^4iW 
Type F 4 . 

4; $12; (-^4)^45 (Jq,J2)c z A 1 , (J3J3,)a 2 A 2 , (^4^2)a 3 Ai, (J^B^ 
6;$ 8 ; (-p4(ai))F 4 ,(^4^2^2)c 3 A 1 , 

8; $^; (F 4 (a 2 ))F 4 , (^5^3^i)s 45 
12;$2 ; ( F4 ( a3 )) F4 . 

%eG 2 . 

2; $ 6 ; (6? 2 )g 25 (<^3)a 2 , (^2^2)aiA 4 , 

4;$3;(C 2 (ai)) G2 . 
References 

[BC] P.Bala and R.W.Carter, Classes of unipotent elements in simple algebraic groups, Math. 

Proc. Camb. Phil. Soc. 79 (1976), 401-425. 
[GP] M.Geck and G.Pfeiffer, Characters of finite Coxeter groups and Iwahori-Hecke algebras, 

Clarendon Press Oxford, 2000. 
[LI] G.Lusztig, From conjugacy classes in the Weyl group to unipotent classes, Represent. Th. 

15 (2011), 494-530. 

[L2] G.Lusztig, On C-small conjugacy classes in reductive groups, Transfer. Groups 16 (2011), 

807-825. 
[L3] G.Lusztig, Elliptic elements in a Weyl group: a homogeneity property, Represent. Th. 16 

(2012), 127-151. 
[L4] G.Lusztig, From conjugacy classes in the Weyl group to unipotent classes II, Represent. Th. 

16 (2012), 189-211. 

[L5] G.Lusztig, From conjugacy classes in the Weyl group to unipotent classes, III, Repre- 
sent. Th. 16 (2012), 450-488. 
[L6] G.Lusztig, On conjugacy classes in a reductive group, arxiv:1305.. 

Department of Mathematics, M.I.T., Cambridge, MA 02139 



